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Se establecen las representaciones distribucionales de las funcionales de momento de 
los polinomios cribados de Pollaczek de la primera y segunda clase. Estas representaciones 
subsisten para rangos más amplios de los parámetros que aquellos posibles obtenidos para 
representación por medidas positivas. 

Abstract 

Distributional representations of the moment functionals of the sieved Pollaczek 
polynomials of the first and second kinds are established. These representations hold for 
wider ranges of the parameters than those were the representation by positive measures is 
possible. 

with 

A moment functional .J: ([11], Cbap. 1), i.e., a 
complex linear map of the space of complex polynomials 
into thefield of complex numbers, is said to be regular, 
if it admits ;a system of monic orthogonal polynomials, 
a system { P, 1•1In > O} of complex polynomials satisfying 
a recurrence relation. 

such that 

xP.(x) = pn+l (x) + B.P.(x) + c.P.)x), n >0; 

P_1(x) = O, P.(x) = l, (1.1) 

.J:(P.(x) = l; L(P.(x)) = O, n~l, 

and that 

(1.2) 

(1.3) 
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.J: (P.(x) P m(x)) = >..n6mn, m,n ~ O. (1.4) 
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Observe that An f. O, n ~ O . The systern 
{Pn(x)} is uniquely deterrnined by Candis call­
ed the monic orthogonal system o f C. Con­
versely ((11],Chap.I), if a systern of monic poly­
nornials {Pn(x)} is given by (1.1), if (1.2) holds 
and if C is defined through (1.3) and linear ex­
tension, then C is regular and { Pn( x)} is its 
rnonic orthogonal systern. The functional C is 
called the moment Jv.nctional of {Pn(x)}. 

The rnornent functional C is said to be bov.nd­
ed if there is a constant M > O such that for 
Bn, C n in the recurren ce relation ( 1.1) of its rno­
nic orthogonal systern we have 

(1.6) 

If C is regular and bounded (by M), the contin­
ued fraction 

(1.7) 

of its rnonic orthogonal system ((18], Chap.V) 
converges uniformly on lzl ~ M' ,for all M' > 
M, to alirnit X(z), which is an analytic function 
on lzl > M. Then ((8], (12]) 

1 1 . C(P(x)) = -
2

. P(z)X(z)dz, 
ir, e 

(1.8) 

for any positively oriented contour of lzl > M 
enclosing z = O. 

Representation (1.8) of C was established in 
(12] for special cases. A general proof based on 
the theory of continued fractions is in [8]. In 
the appendix at the end we include a proof bMed 
on functional analysis. 

When C is positive, i.e., when Bn, Cn in (1.1) 
are real nurnbers and 

Cn+l > O, n ~ O, 

C has the representation ((11], Chap. II) 

C(P(x)) = 1-: P(x)dµ(x), 

(1.9) 

(1.10) 

where µ is a positive rneasure supported by the 
real line. If in adclition (1.6) holds, µ is unique 
and Supp µ \;; [-M, M]. In these circurnstances 
sorne powerful techniques have been deviced to 
determine µ explicitely. See [2] for many exam­
ples, and [5] for the special case of the Pollaczek 
polynornials. We rnention that if (1.6) holds, 
( l. 7) converges uniforrnly to X ( z) on any corn­
pact subset of C- [-M,M]. If C is regular but 
not positive, representation (1.10) is irnpossible. 
However, (1.8) still holds if C is bounded. 

N ow assume C is regular and a polynornial 

q(x) = a(x - ai)''(x - a 2 )'' .•• (x - am)•-
(1.11) 

with real roots a 1 , ... , am can be found such 
that the rnoment functional U = q( x )C defined 
by 

U(P(x)) = C(q(x)P(x)) (1.12) 

is positive, and let v be a j>ositive rneasure rep­
resenting U in the sense of (1.10). Frorn the 
partial fraction decomposition 

m p 
P(x) L• a,; 
-() = '°' ( ) + Rmlx), q X L.,¿ X - O¡ J '\ 

i=l i=l 
(1.13) 

Rm ( x) a polynornial, we deduce that 

m p; ( q(x) ) 
C(P(x)) = ¿¿C ( _ )i a,; 

i=l j=l X O, 

+ 1-: Rm(x)dv(x), 
(1.14) 

which is, since 

a·._ 1 dP;-i [P(x)(x - a,)P;] a· 
' 1 - (p, - j)! dzP;-j q(x) ( ,), 

(1.15) 

a representation of C by clistribu tions supported 
by the real line. Furtherrnore, if C is bounded 
and representation (1.8) holds, then 

e( q(x) )- _1 / q(z)X(z) d 
(x - a,)i - 2,ri Je (z - a,)i z. 

(1.16) 

The above procedure is an alternative to that 
of Krall (13] and Morton and Krall [15] to es­
tablish distributional representations of regular 
rnornent functionals. It can be applied to sorne 
systerns of polynornials which fall outside the 
scope of (13], [15]. This has been done in [8] 
to obtain distrlbutional representations for the 
rnornent functional of the sieved ultraspherical 
polynornials and in [9] for that of the general 
Pollaczek polynomials, when the values of the 
pararneters do not allow for representations by 
positive rneasures. 

Our airn in thls paper is to obtain explici t dis­
tributional representations for the rnornent func­
tional of the sieved Pollaczek polynomials. Our 
approach differs frorn that followed in [9] for the 
Pollaczek polynomials in that contiguous func­
tion relations are favored over the theory of left 
rnultiplication of a regular functional by a poly­
nornial. The approach in [9] would be too cum­
bersorne if applied to the sieved Pollaczek poly-
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nomials. We also mention that the approach in 
[8] can not be followed in this case, as for the 
sieved Pollaczek polynomials there is no poly­
nomial mapping involved. 

For future reference we recall that the eheby­
shev polynomials of the first and second kinds 
{Tn(x)} and {Un(x)} are both defined (see [16], 
[17]) by the recurrence relation 

2xyn(x) = Yn+1(x) + Yn-1(x), n;:: 1, 
(1.17) 

and the initial cond.itions are respectively To(x) 
= 1, T1 (x) = x and Uo(x) = 1, U1(x) = 2x. For 
x = cosll, O:,; 11:,; ir, we have 

Tn(x) = cos nll , 

U ( ) 
sin(n+ 1)11 

n X = . II , n ;:: O. sm (1.18) 

We observe (with T_¡(x) =O= U_1 (x)) that 

(1.19) 

and also that 

1- T~(x) = (1- x 2 )U~_1 (x), n;:: O. 
(1.20) 

We also recall that the hypergeometric series 
is ([16], Chap. 4) 

F (ª,blz) = f (a!n(b)"z", izl < 1, 
e n.(c)n 

n=O 
(1.21) 

where (a)n, given by (a)o = 1, (a)t = a and 
(a)n = a(a + 1)--,(a + n - 1) for n > 1, is 
the Pochhammer symbol, so that e in (1.21) 
can not be zero nor a negative integer. The hy­
pergeometric series defines an analytic function 
on izl < l. The contiguous function relations 
([16], p. 71) 

) (
a+ 1, bl ) ( a, bl ) ( a - e+ 1 )F ( a, be I z = aF e z - ( e - 1 )F e_ 

1 
z , (1.22) 

( 
a, bl ) ( a + 1, bl ) ( a, b - 11 ) (a+b-c)F e z =a(l-z)F e z -(c-b)F c+l z, (1.23) 

and 

[1 - b + ( e-a - 1 )z]F ( ;• bl z) 
( 

a, b - 11 ) ( a, bl ) = ( e - b )F e z - ( e - 1 )( 1 - z )F e _ 
1 

z , (1,24) 
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will be needed in Section 2. 

2. SJEVFD POLLACZEK POLYNOMIALS 

j = O, 1, ... , k - 1, and initial cond.itions P-i (x) 
= O, Po(x) = l. For {Pn(k,A,a,b;x)}, the coef­
ficients Bl/l and el/>, n ;:: O, are 

The sieved Pollaczek polynomials were intro­
duced in [5] where th~y are derived from the q­
Pollaczek polynomials by a procedure enterely 
anologous to that followed in [2] to define the 
sieved ultraspherical polynomials. A d.ifferent 
approach to sieved polynomials is in [6], [7]. We 
here adopt this latter point of view. 

Let k ;,: 2 be an integer. The k-sieved Pol­
laczek polynomials of the first kind 
{Pn(k,A,a,b;x)} and of the second kind 
{Qn(k,A,a,b;x)} are both defined by blocks of 
recurrence relations 

XPnk+;(x) = Pnk+;+1(x) + B!/>Pnk+;(x) 

+ e//>Pnk+;-1(x), n;,: O, 
(2.1) 

B(o) = - b . 
" A+a+n' 

B!fl = O, j = 1,2, ... ,k-1, 

(O) _ n . (t) _ 2A + n 
en - 4(A+a+n)' en - 4(A+a+n)' 

eU> - ! • - 2 k 1 'f k 2 (2.2) n -
4

, J - , ... , - 1 1 > . 

The coeflicients of { Qn( k, A, a, b; x)} are, for n ;:: 
O, 

B!fl = O , j = O, 1, 2, ... , k - 2, 
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c(k-1) = n + 1 + 2A 
n 4(A+a+n+l)' 

CU) - ! • - 1 k - 2 ·e k n -
4

,J- , ... , ,1 >2. 
(2.3) 

lt will be a.ssumed throughout tha.t 

2Aa.nd A ± aa.re not integers ::; O. (2.4) 

This gua.ra.nties tha.t (1.2) holds. To ensure 
(1.9), it has to be further a.ssumed tha.t A, a, b 
a.re rea.! numbers a.nd tha.t 

a.nd 

where 

A > O a.nd A + a > O, or, 
1 - 2 <A< O a.nd O< A+ a+ 1 < 1. 

(2.5) 

(2.8) 

A~= -A+ az + b •, B =-A_ az + b 
(z2 -l)• ~ (z2 -1)½' 

(2.9) 

with (z2 -1)½ denoting the bra.nch of the squa.re 
root of z2 - 1 in C tha.t beba.ves a.s z when 

z -+ oo. lt ca.n be shown tha.t (z2 - 1)½ a.nd 
thus a, /3, A~, B~ a.re a.nalytic functions of z for 
z ~ [-1, l]. Furthermore, a+ /3 = 2z, a - fJ = 
2(z2 

- 1)½, a/3 = 1 a.nd 1/31 ::; 1 ::; lal, with 
1/31 = lal = 1 if a.nd only if z E [-1, 1]. Thus, 
X~ ( z) a.nd X~ ( z) a.re a.nalytic functions of z on 
C - [-1, 1], except for simple poles on the set 

Z~ = {z E C- [-1,1) 1 B~(z) = 0,1,2, ... }. 
(2.10) 

we ha.ve 

(2.14) 

for C in lzl > M~, where 

We will write P;(z), Q!(x) instea.d of 
Pn(k,A,a,b;x) a.nd Qn(k,A,a,b;x), respective-· 
!y. In fa.et, throughout most a.rguments k, a, b 
will be kept fixed, a.nd only A should be empha­
sized. 

Results in [5], [6] or [7] a.nd sorne a.nalytic 
continua.tion a.rguments (see [10] for deta.ils) give 
for the limits of the continued fra.ctions of 
{P;(x)} a.nd {Q!(x)} the expressions 

X~(z) = 
k 1 ( A~ + 1, 11 u) 

2(A + a)Uk-1(z)/J -B~ F -B~ + l /J 

(2.6) 

(2.7) 

Now, B~(z) = ñ implies tha.t 

[(A+ n)2 
- a2

] z2 -2abz - b2 
- (n + A)2 = O, 

n ~ O. (2.11) 

Hence, there a.re a.t most two values x 2n a.nd 
X2n+1 of z a.t which B~(z) = n. With the deter­
mina.tion of bra.nch of the squa.re root which is 
a.na.lytic in C-( -oo, O) a.nd provided (2.4) holds, 
we ca.n write 

ab-(n+A)✓(n+ A)2 + b2 -a2 

(n+ A)2 - a 2 

ab+ (n+ A) ✓(n+ A)2 + b2 -a2 

(n+ A)2 - a2 

.. ~ o, (2.12) 

a.nd observe tha.t Xzn -+ -1, Xzn+I -+ 1 a.s 
n-+ +oo a.nd tha.t zo,z1 a.re not poles of .X~(z). 

We denote with C ~ the moment functional of 
{P;(x)} a.nd with l~ tha.t of {Q!(x)}. Provided 
lzl > M~, where 

1 
n + 2A !} 

4(n+a+A) ' 
(2.13) 

for C a. positively oriented contour of lzl > M~ 
enclosing z = O. Also 

(2.15) 

1 
n+l 1 

4(n+a+A+l)' 1 
n +2A !} 

4(n+a+A) • 
(2.16). 
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Observe that M» =:; M». If >-,a,b are real num­
bers and (2.4), (2.5) hold, then (see [5]) .C» can 
be represented by means of the positive measure 

x being the characteristic function of ( -1, 1 ), 6 
denoting the Dirac measure at ( = O, and Z >. 
being as in (2.10). Also, l» is represented (see 
[5]) by 

and 

Z» = {z E C-[-1,1] 1 B»(z) = 1,2, ... }. 
(2.21) 

Explicit formulae for Res(X>., () and Res(X>., () 
can be found in [5]. We mention that Z» and Z» 
can be empty, finite, or infinite countable with 
no limit point in C - [-1, 1], according to the 
relative va.lues of >-, a, b, and observe that B» +). 

is independent of >,.. Let 

Z = {>- E C 1 2>,. or >,.±a is an integer ::; O} 

(2.22) 

Lemma 2.1. For >,. not in Z, 

X»+1(z) = q»(z)X»(z) + r»(z), 

lzl > max{M»,M>.+1}, 
(2.23) 

dµ»(x) = w»(x)dx + ¿ Res(X»,()6(x- ()dx 
(EZ, 

(2.17) 
where 

(2.18) 

dji.»(x) = w»(x)dx + ¿ Res(X»,()6(x - ()dx 

(2.19) 
where 

where 

q»(x) = 
2(>-+a+l) 2 2 

>-(). + a )(2). + l) ( -A»)( -B»)(l - x )Uk-l (x) 

(2.24) 

and 

2().. +a+ 1) 
r»(x) = - >-(2). + l) [(ax+ b)Uk-1(x) 

- >-Tk(x)]Uk-1(x) 

(2.25) 

are polynomials. Th us 

(2.26) 

Prot;Jf. From (1.22), with z = {32k, a= A» = A, 
e= -B»+2 = -B + 2 and b = 1, we obtain that 

F( A,11/J2k)=- 1 [AF(A+l,11/Jªk)-(-B+l)F( A,l¡/J2k)] 
-B + 2 2). + 1 -B + 2 -B + 1 

and (1.23), (1.24) give, taking into account that 

F ( A , O 1 /J2k) = F ( A , O I p2k) = 1, 
-B+2 -B+ 1 

that 

F ( ~; ~ 2
1

1 f32k) == ~1/J~/ [1 _ (1- f32k)F ( ~; ~ 1
1

1 p2k)] 

and 

F( A,l1/J2k) == -1 rA(l-/J2k)F(A+l, 11/J2k)+B] 
-B+l 2). -B+l • 
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Hence 

and therefore 

_ 2(A+a+l) [ k k k k k k2 (A+l, ll 2k)] XA+I - 2A(2A + l) Uk-1(z) A(a - f} ) - 2A/J - A{} (a - fJ ) F -B + l /J . 

Now we observe that from (1.18) and (2.8), 
ak(z) = a(Tk(z)), [Jk(z) = f}(Tk(z)), so that 
(ak - [Jk) 2 = 4(Tl(z) - 1) = 4(z2 - l)UL1(z) 

Here we use (1.20) and ak + [Jk = 2Tk(z). 
Hence, from (2.9), A(ak -f}k)-2Af}k = 2[(az + 
b)Uk-1(z) - ATk(z)]. Also, 

qA(z) 

A+a+l k i.2 
= (A+ a)(2A)(2A + 1) (a - /J ) (-A)(-B), 

and taking into account (2.6), (2.24) follows at 
once. Since for a positively oriented contour C 
of lzl > max{MA, MA+1} enclosing z = O we 
have 

.CA+t(P(x)) = 
2
1

. { P(z)XA+1(z)dz 
1f''I, le 

= 
2
1 

. J, P(z)qA(z)XA(z) dz ,,., e 

+ 
2

1
. 1 P(z)rA(z) dz 

ir1 e 

= 
2

1
. f P(z)qA(z)XA(z) dz 

1f''I, le 
= .CA(qA(x)P(x)), 

Using (1.17) and (1.19) we get Tk(x) = xUk-1 (x) 
-Uk-2(z), and simple ca.lculations yield 

(2.26) holds. O 

Now !et 

qm,A(x) = 
(A+ a+ l)m(-AA)m(-BA)m(l- z2)mU;'.'..'¡ (z) 

(A)m(Á + 1/2)m(Á + a)m 
(2.28) 

then qo,A(z) = 1, q1,A(x) = qA(x). Also qm,A(x) 
= qA(X )qA+t(x) • • • qA+m-1 (x) for m > 1, so that 
qm,A(z) is apolynomia.l. lnduction on Lemma2.1 
gives 

Theorem 2.1. For all m 2: O and A not in Z, 

XA+m(z) = qm,A(z)XA(z) + rm,A(z), 

lzl > max{MA,MA+m}, 

(2.29) 

wbere rm,A(x) is a polynomial. Furtbermore 

From (2. 7) and (2.27) we obtain, for lzl > 
MA-1, MÁ and A 1/. Z, that 

where 
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ll.Ild 

Thus, for A not in Z, 

XA+1(z) = qA(z)XA(z) + fA(z), 

• lzl > max{MA, MA+1}, 
(2.31) 

where f A ( z) a.nd ,fa ( z) are polynomials. Hence 

(2.32) 

Induction on (2.31) gives 

Theorem 2.2. For a11 m ~ 1 a.nd A not in Z, 

XA+m(z) = fm,A(z) + tim,A(z)XA(z), 

lzl > max{MA, MHm}, 

(2.33) 

where 

tim,A(z) 

(-AA+ l)m(-BA + l)m(l - z2)mUl'.'.\(z) 
= (A+ l)m(A + 1/2)m 

(2.34) 

a.nd fm,A(z) are polynomial. Furthermore 

(2.35) 

Remark 2.1. Clearly rm,A(z) a.nd fm,A(z) ca.n be 
explicity calculated, but that information is not 
needed. From (2.6) and (2. 7) we also get 

A+a+l 2 -
.CA+l = 2A + l uk-1(z).CA- (2.36) 

H .C has a representation (1.8), we ca.n define 
q(z).C, where q(z) is a rational function ofz, in 
the obvious ma.nner: 

(q(z).C)(P(z)) = -
2
1

. f q(z)P(z)X(z)dz, 
1ri le 

(2.37) 
provided all the poles of q( z) a.nd of X ( z) are 
within the contour C. From (2.36) it can. be 
seen, however, that U = q( z ).C does not imply 
that .C = (q(z))- 1U. 

3. DISTRIBUTIONAL 

REPRESENTATIONS OF LA AND CA 

We assume A ,a ,b to be real numbers and 
m ~ O to be such that 

A + m > O and A + a + m > O, 

or, 

1 - 2 <A+m<0 a.nd 0<A+a+m<l. 

(3.1) 
H (2.5) holds, m ca.n be taken to be O. 

Let -1 < (1 < (2 < • • • < Ú-1 < 1 be the 
roots of Uk_ 1(z). Each is a root of multiplic­
ity 2m of both qm,A(z) and tim,A(z). We as­
sume 01, • .. , On to be the other distinct roots of 
qm,A ( z ), each of multiplicity m; , j = 1, 2, • • • , n. 
As for tim,A(z), we denote with ó1,--· ,ón its 
other distinct roots a.nd with m; the multiplic­
ity of a; ( n and m; do not need to be 
the same for qm,A(z) a.nd tim,A(z) ). However, 
m1 + m2 + ... + mn = 2m in both cases. Since 
A((;), B( (;) are either -A ora complex number, 
it follows that a; is either zu or zu+1 (as given 
by (2.12)) for sorne i = O, 1, • • • , m - 1 (also ó; 
is z2; or z2;+1 for sorne i = 1, 2, • • • , m ). From 
(1.14), (1.15), (1.16), (2.14) a.nd (2.30) we ob­
tain 

Theorem 3.1. If A, a, b are real numbers, if 
(2.4) a.nd (3.1) hold, and if 

(A+ j)2 + b2 ~ a2, j = O, 1, 2, ... , m -1, 
(3.2) 

then the moment functional .CA of {P;(z)} has 
the distributional representation 

(3.3) 

where, for any test function cp on the real line, 
we have 

with 

A. _ 1 / qm,A(z)XA(z) d 
;h - 2iri(m; - h)! Je (z - a;)h z, 

(3.5) 
a.nd C any positively oriented contour of lzl > 
max{MA, MA+m} enclosing z == O; 

T2(cp)=. 

k-1 2m d2m-h [( ( )2m ( )] '°''°'A'- . "' - ; 'P"' (() 
L., L., ;h dz2m-h q A(z) J 
J=l h=l m, 

(3.6) 
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with 

A'· = 1 / qm,.\(z)X.\(z) dz, 
Jh 21ri(2m - h)! le (z - (;)h 

j = 1, ... , k - 1, h = 1, ... , 2m; and 

Furthermore, 

SuppT¡ = {a; jj = 1, ... ,n}, 
SuppT2 = {(1, ... ;(k_¡} 

SuppT3 = SuppµHm 

(3.7) 

(3.10) 

and thus T1 ,_ T2 , T3 are compactly supported on 
the real line and can act on polynomia/s. 

R.emark 3.1. That T3 is a distribution follows 
from 

2m 

l'l'm(z)I ~e¿) sup l'l'(ól(t)I' 
i=O tea 

Z E [-M.\+m, M.\+mJ, 
(3.11) 

where C > O is a constant (independent of r¡:, ), 
which is a conseqlience of the Taylor Remainder 
Theorem. 

Remark 3.2. If m = O in (3.1), i.e., if (2.5) is 
satisfied, then T1 = T2 = O and T3 = µ.\, If 
(2.5) is not satisfied and m > O, T1 and T2 mea­
súre the contribution to the orthogonality of the 
points a;, j = 1, ... , n, and of the points (;, 
j = 1, 2, ... , k - 1, where W.\ becomes infinite. 

Similarly, from (1.14), (1.15), (1.16), (2.32) 
and (2.35), we get 

Theorem 3.2. H >., a, b are real numbers, if 
(2.4) and (3.1) hold, 11,nd if 

(.>.+j)2 +b2;:: a2,j = 1,2, .. i;~, •• (3.12) 

then the moment functional l.\ of { Q!( z)} has 
the distribu tional representation 

lA = T¡ + T2 + T3, (3.13) 

l
+oo 

T3(r¡:,) = -oo 'l'm(z)dµHm(z), (3.8) 

where 

• (3.9) 

where, for any test function r¡:, on the real line 
we have 

f1(r¡:,)= 

~~A- dm;-'h {(z-éi;)m;r¡:,(z)](--) 
L..J L..J Jh dzm;-h iim .\(z) a, • 
J=lh=l 1 

(3.14) 

with 

A. _ . 1 / iim,.\(z)X.\{z) d 
Jh - 21ri(m; - h)! le (z - ii;)h z, 
j = 1,2, ... ,n , h = 1,2, .. ,,m; 

(3.15) 

and C any pooitively oriented contour of lzl > 
max{M.\, M.\+m} enclooing z = O; • 

with 

{3.18) 

where 

(3.19) 



CHARRIS, J.A. & Y. L P!UETO: ON DISTRIBUTIONALREPRESENTATIONS OF MOMENTFUNCTIONALS. 313 

Moreover, 

Supp'I'1 = {a; 1 j = 1,2, ... ,n}, 

SuppT2 = {(1, .. -,(k-1} 

Supp Ta = Supp ÍÍ,J.+m 

(3.20) 

and thus Ti, 1'2, 1'3 ha.ve compact support on the 
real line and can act on polynomials. 

Remark 9.3. Aga.in 'Í'1 = 'Í'2 = O a.nd 1'3 = ih 
if m can be ta.ken to be O. 

Remark 3.,1. If a 'F ±b a.nd (j + n)2 + b2 > a2 

for j = O, 1, ... , m - 1, it ca.n be shown (see [91) 
tha.t o; ha.s multiplicity 1 (so tha.t m; = 1 a.nd 
n = 2m ). If such is the ca.se, T1 in (3.3) is a 
mea.sure. Also, if a 1, ±b a.nd (j + >.)2 +b2 > a2 

for j = 1, 2, ... , m, 'i'1 in (3.13) is a mea.sure. 

Remark 3.5. Ha= b = O, {P;(x)} a.nd {Q!(x)} 
a.re respoctively the ayaterna of sieved ultra.spher­
íca.l polynomia.ls of the first and second kinds 
(see [l], [8]). Their distributiona.l representa.­
tions ha.ve been studied in [8]. We observe that 
in such ca.se 

'lm,J.(x) = q.,.,¡.(x) 

= (>. + l)m (1- x2)mu2m (x) 
(>.+ ½)m k-1 , 

(3.21) 

and ita only roots are -1, 1 ea.ch of multiplicity 
m, a.nd (1 , ... , (k-l , ea.ch of multiplicity 2m. 
It is easily seen that relationa (3.3) a.nd (3.13) 
respectively reduce to those in Theorems 5.1 and 
5.2 of [8]. 

Remark 3.6. Extra.pola.ting to k = 1 the dis­
tributiona.l representation (3.3) of C,¡. we obta.in 
(2.26) of [9]. 

Remark 3. 7. Now we observe tha.t in spite of the 
appa.rent freedom of choice of m in Theorems 3.1 
a.nd 3.2, the distributiona.l representa.tion of C is 
unique, a.s far a.s only distributions with cam­
pa.et support are taken into a.ccount. This fol­
lows from genera.! resulta ( ma.in)y due to H. G. 
TiJJma.nn) on the theory of representa.tions of 
distributions on the rea.! line by a.na.lytic func­
tions on C - R (see (4], Chap 5). In fa.et, if T 

is a. distribution with cornpact support K on R, 
the Cauchy-Stieljes tro.nsform of T, 

(3.22) 

is a.n analytíc function off K, a.nd if K !;;; 
(-M,M) a.nd lzl > 2M, from the uniforrn COll· 

vergence of E:'.o z~:, on (-M, M) it follows 
tha.t 

T(z) = f. T((") . 
¿..,¡ zn+l 
n=O 

(3.23) 

Hence, if T representa C, T( (") = C( (") = e,. is 
the nth.moment of C, a.nd 

. f. e,. 
T(z) = ,l..; z"+l = X(z) , 

n=O 
lzl > 2M, (3.24) 

where X(z¡-is the limit of continued fraction of 
the monk orthogonal system of C ( a.s in ( 1.34 ). 
For a. proof of (3.24), see (18], Cha.p. XI or the 
a.ppendix a.t end). Hence, T(z) is a.n a.naJytic 
continuation of X(z) from izl > 2M to C- K. 
This implies, in view of the Stieljes in'version 
formula. ([4], Chap. 5), tha.t 

< T,'P >= 

lim ~ 100 

{X(x + fr) - X(x - fr)}V'(x)dx 
t:-o+ 21r1 _ 00 

(3.25) 

for a.ny test fundion ,p, wbich ensures the unique­
ness of T. 

Remark 3. 8. U nder the a.ssumptions of ea.ch of 
Theorems 3.1, or 3.2, a mea.sure on the line ca.n 
be found which represents C (Boa.a [3). See aJso 
[11], Chap. II). Sine.e the distributions repre­
senting C in (3.3) or (3.13) a.re not mea.sures 
when the positivity conditions fa.il, Boas' mea­
sures ca.n not be supported by a compact set 
under such circumstances (a.s follows from the 
a.rguments in Rema.rk 3. 7 ). 

4. APPENDIX 

We include in thi& appendix a functiona.l an· 
aJytic proof oí {1.8). To this purpose, Jet 

o o 
o o 
1 O !) (4.1) 

be the nfinite tri-diagonal rnatrix of the coeffi­
cients B .. , c .. in (1.1),a.nd forea.ch n ~ 1,let J .. 
be the submatrix of the first n rows and columna 
of J, a.nd J,., the in:finite ma.trix 

(4.2) 
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Let In be the n X n identity matrix. From (1.1) 
it follows at once that 

Also !et J¡ be the matrix obtained from Jn by 
deleting the first row and column, and define . 
{P¡(x)} by 

Po"(x) = O, P¡"(x) = l¡ 

P;(x) = Det(xln-1 - J:), n?: 2. 

(4.4) 

It i.s readly verified that {P¡(x)} satisfies (1.1) 
for n ?: l. 

Now !et /2 be the Hilbert space of square sum­
mable sequences ( xo, X¡, .. . , ), with inner prod­
uct 

00 

n=O 

and norm ✓((xn)i (yn)), With {en In?: O} we 
denote its cannonical orthonormal basis ( en = 
(ón0,Ón1, ... , )). H {1.6) holds, a bounded oper­
ator L on 12 is defined by 

Len= en+i+Bnen+Cnen-1, n?: O, (4.5) 

( e_¡ = O) and continuous linear extension, and 
for this operator, IILII :5 M. The matrix of L 
relative to {en} is J. Also, from (1.1) with L in 
the place of x, and ( 4.5), it easily follows ( see 
[4]) that 

Now, Cramer's formula for the inverse of a 
matrix and simple calculations yield 

((zln - Jn)-1eo;~) = ((z - Ln)-1eo; eo) 

P;(z) 
= Pn(z)' lzl > M, 

(4.7) 

where e0 = (1,0, ... ,0) E en and Ln is the op­
erator of 12 whose matrix relative to {en} is Jn. 
The operator Ln is bounded with IILnll :5 M, 
and coincides with L on the span of eo, ... , en-2• 
This implies that L!+i e0 = Lkeo, k = O, 1, ... , 
n - l. 

ForanyoperatorTof/2 wewrite(z-T)-1 = 
R(T,z). Then 

Lemma 4.1. Fbr Jzl > M, 

lim ll(R(L,z)- R(Ln,z))eoll = O, 
n-oo 

(4.8) 

and the limit is uniform on Jzl ?: M' > M. 

Proof. For lzl ?: M ([19], Chap.VIII), 

00 Lk - 00 L! 
R(L,z) = L zk+l, R(Ln,z) = L zk+I, 

k=O k=O 

(4.9) 
the convergence of the series being in norm. 
Since L:+1 eo = Lkeo for k = O, 1, ... , n - 1, 
then 

00 Lk Lk 
- " eo n+1eo (R(L,z))-R(Ln+I,z))eo = ~ zk+I zk+l • 

1;:.,.. 

Thus, taking into account that JILII :5 M and 
IILn+tll :5 M, it fo!lows that if M' > M then 

sup ll(R(L, z))-R(Ln+I, z))eoll 
l•l>M' 

2 
00 (M)k 

:5 M' L M' • 
k=n 

and, since the series on the right hand side is 
convergent, the assertion follows. O 

Theorem 4.1. If X(z) = (R(L,z)e0 ;e0 ), then 

( ) • P;(z) 1 1 M ( 10) X z = lim -P ( )' z > , 4. 
n-oo n z 

the limit is uniform on lzl ?: M' for M' > M, 
and the function X(z) is the limit of the con­
tinued fraction (1.7) and is an analytic function 
on Jzl > M. Furthermore, if C. is the moment 
functional of {Pn(x)}, then 

C.(P(x)) =-!.., f X(z)P(z)dz, (4.11) 
2,ri le 

where C is any positively oriented closed contour 
of Jzl > M around z = O. 

Proof. That ( 4.10) holds follows at once from 
Lemma 4.1 and relation (4.7), and the analitic­
ity of X(z), from the uniform convergence of 

p; ( z) on Jzl ?: M' > M. Sin ce ~¡(( z)) is, when 
Pn(z) .rn Z 

(1.2) holds, the n-th convergent of (1.7) ([11], 
Chap.111), X(z) is in fa.et the limit of {1.7). All 
that remains to be proved is relation (4.11). To 
do so we recall the Cauchy-Dunford representa­
tion ([19), Chap.VIII) 

P(L) = _!.., f R(L,z)P(z)dz, 
2,,., le ( 4.12) 

w hich holds for any polynomial P( x) and any 
positively oriented contour C of Jzl > IILII en­
closing z = O, so that 

(P(L)eo¡e0 ) =-!.., f X(z)P(z)dz. 
2,,., le 

( 4.13) 

Then, since (P'\(L)eo;e0) = (en;eo) = Ón0,the 
assertion follows. O 
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We can easily prove tha.t 

lim zX(z) = 1 
•-oo 

( 4.14) 

In fa.et, from ( 4.9) a.nd Theorem 4.1, 

X(z) = f: (L:::\eo), lzl > M, 
n::O 

so tha.t 

00 
M" M/lzl 

lzX(z) - lj $; lzl" = 1- M/lzl -+ O, 

Z --+ OO. 

Rela.tion ( 4.14) is, of course, well known, a.nd 
will be used in the following a.rgument. We ob­
serve tha.t if F( z) is ana.Jytic for lzl > M' > O, 
lim,_00 F( z) = O, a.nd 

.C(P(z)) = _!_, f F(z)P(z)dz 
21r, le 

for any positively oriented contour lzl > M' 
enclosing z = O, necessa.rily F(z) = X(z) for 
lzl > min{M',M}. In fa.et, for any contour C 
in lzl > ma.x{M',M}, 

L (F(z) - X(z)) P(z) dz = O 

for any polynomia.J P( x ). Hence, if E::'=-oo Cnz" 
is the La.urent development of F( z) - X ( z) in 
lzl > ma.x{M',M} then 

C-n-l = _!_, f (F(z) - X(z))z" dz = O, n ,! O, 
21r, Jc 

so tha.t F(z)-X(z) is a.n entire function. Since 
lim,_00 (F(z) - X(z)) = O, Liouville's Theorem 
implies tha.t this function must vanish. This re­
sult has proved useful in [8], [10]. 

Remark 4.1. The connection between the supports 
of the distributions representing L and the spectrum of 
the associ_ated matrix (4.1), an interesting aspect of the 
whole subject, is presently under research. 
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