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Se establecen algunos resultados sobre la conexién y la arco-conexi6én locales de
compactaciones de espacios localmente conexos por adicién de conjuntos infinitos. Los resul-
tados depende de propiedades topolégicas de estos tiltimos conjuntos y generalizan resultados
previos de los autores.
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Abstract

Some results are presented on the local connectedness and local path-connectedness of
compartifications of a topological space by addition of an infinite set of points. The results
depend on topological properties of this latter set and generalize previousresults.
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1. Introduction as an open dense suhset, Xis saic'i~ to be a compatification
. . - of X by addition of the set N = X - X. Observe that N is
If X is a topological space ([1], p. 13) and X is a a closed subset of X. The space X is then Hausdorff and

compact Hausdorff space ([1], p. 83, p. 93) containing X locally compact ([i], p. 102).
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In [2] it has been shown that if X is locally connected
(1], p. 129) and the set N is such that D™ (N) = 0
for some n > 0 (D™ (N) is defined inductively by
D®(N) = N,DMN(N) = D(N) is the set of lim-
it points of N, and D™ (N) = D (DY (N)}, for
n > 1) then, provided X has only finitely many con-
nected components ([1], p. 127), also X is locally con-
nected. Furthermore, under the same assumptions, if
X is locally path-connected (see [2] for the appropri-
ate definitions) and any point w € N has a countable
fundamental system of neighborhoods in X, then X
is also locally path-connected. These results allowed
to investigate in [2] the local connectedness and local
path-connectedness properties of the compactifications
of o—compact spaces (Hausdorff spaces which are the
union of countably many open subsets with compact
closure) and of locally connected paracompact spaces
(locally connected spaces in which the connected com-
ponents are o—compact).

As in [2], our main reference for generalities about
topological and uniform spaces and their connectedness
properties is [1]. See also {3]. A c—compact space is
called countable at infinity in [1], p. 106. In what fol-
lows, all topological spaces are supposed to be Hausdorff
and the relevant compactifications are assumed to have
only finitely many connected components (a compact
space having infinitely many connected components can
not be locally connected}. For motivation about results
on local connectedness and local path-connectedness of
compactifications, see [2], [4],[5],[6].[7]. In this brief
paper we examine results on these properties, mainly
on local path- connectedness, which are motived by or
extend results in [2] but, in spite of some interest in their
own, are not as conclusive as them. They may, however,
shorten proofs or make them more accessible.

2. On local connectedness

In this section we extend results in Section 4 of [2].
We begin by observing that the basic assumption of [2],
that of the compactifying set N = X — X being such
that D™ (N} = @ for some n > 0, points in the direc-
tion of a strong disconnectedness of this set. In fact, if
w € N and C,, {N) denotes the connected component of
win N, also D™ (C,(N)) =0, andif 1 <m <nis
such that D™ (C,, (N)) = @ and D™~V (C,, (N)) # 0,
the fact that C, (N) can not have isolated points, un-
less it reduces to a point, ensures that m = 1 and thus
C. (N) = {w}. In view of this, some results in [2], Sec-
tion 4, can be considerably extended as we next show.

Observe that asserting that X is locally connected at
w € N (ie., that w has a fundamental system of con-
nected neighborhood in X ) is obviously equivalent to
prove that for any open neighborhoods U of w in X

, w ¢ &, (U), where ¢, (U) =U - C, (U) (here and in
what follows, 4, for A C X is the closure of Ain X; ;also,
A°® stands for the interior of A in X).

Theorem 2.1 Let X be locally connected and let X be
a connected compactification of X by addition of a_set
N such that C,, (N) = {w} for allw € N. Then, X is
locally connected.

Proof. Let w € N and U, W be open neighborhoods
of w such that W C U. Let &, (/) = U — C, (U) and
e, (W) =, )NW. Y we e, (U), alsow € ¢, (W)
(as W is a neighborhood of w), and we will prove that
the connected component C, of w in &, (m meets
Fr (W) =WnX-W.In fact, let A be a clopen (both
open and closed) subset of £, (W) such that C,, C A.
Since A is open and w € A then AnNel, (W) # 8,
and a connected component C of W,C C &, (W) ,
should exist such that AN C # 0. Since AN e, (W)
is clopen in &, (m then C C A, and now we prove
that C N Fr (W) # @. Assume not. Then, for each
y € Fr (W), a clopen subset B, of W should exist
such that C C B, and y ¢ B, ([1], p. 224, proposi-
tion 6). Thus {W — B, | y € Fr (W)}is an open cov-
ering of Fr (W), and Fr (W) being compact, a finite
number of them, W — By, k = 1,2,3, ..., 7, still cov-
ers Fr (W). But then B = (;_, By, would be clopen
in W and BN Fr(W) = 0, so that B C W°. This
is absurd, since then B would be clopen in X, which
is assumed to be connected. Then Cn Fr (W) = 0,
therefore AN Fr (W) = @, and {[1], p. 224, proposi-
tion 6) since C,, is the intersection of the clopen subsets
of €/, (W) in which it is contained (a family of closed
subsets of X with the finite intersection property), also
C.NFr (W) # 8. Now we prove that C,N(U - N) = 0.
Assume not, and let £ € C, N (U — N) and C be the
connected component of z in U — N. Then CNC,, # 0,
so that C N C,(U) # 0, and since C is a connected
subset of U, also C C C, (U). Then C ne, (U) = §,
and since in addition C is open, CNe, ({U) = @, so
that C Ne, (W) = 0. This is contradictory. Hence
C,, € N. But this is again contradictory, because then
there would be o' € C, N Fr{W), so that v’ € N
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and o # w, while C, C C,(N) = {w}. Therefore,
wé¢ e, (U). g

The above proof follows closely ideas in [4] and is a
refinement of the proof of Lemma 4.1 in [2].

Remark 2.1 The result in Theorem 2.1 still holds if
X is not connected but has instead, as previously men-
tioned, finitely many connected components. Just re-

place X by C,, ()? ) in the above proof.

Remark 2.2 If U is open, the set ¢, (U) :=U - C, (U)
is identical with the union £ (/) of the components
C of U such that w ¢ C. In fact, if z € g, (U) and
C = C: (U) then w ¢ C, since, on the contrary, C U {w}
would be connected and thus CU{w} C C, (U); on the
other hand, if z € £ (U) then z belongs to a component
C of U such that w ¢ C, so that C # C, (U); hence,
¢ C,(U).

3. On local path-connectedness.

Now we extend Lemma 5.1 of [2]. First we observe
that the condition w ¢ £, (U) for any neighborhood
U of w € N, which is necessary and sufficient for lo-
cal connectedness at w, does not seem to be related to
local path-connectedness, even when « has countable
fundamental systems of neighborhoods (see [2], Remark
5.5). More relevant for such purpose seems to be the
set Sy, (U), which is the union of the connected compo-
nents C of U — N such that w ¢ C. The-definition of
I, (U) is motivated by what was stated in Remark 2.2.
We observe that for the choice of U in the proofs of [2],
Lemmas 4.1 and 5.1, it is obvious that &, (U) = S, (U).
The following three lemmas hold.

Lemma 3.1 If U is an open neighborhood of w € N
then e, (U)NX C S (U) and e, (U) C S, (U).

Proof. Any z € ¢, (U) belongs to a connected compo-
nent C of I/ such that w ¢ € . On the other hand, z is in
a connected component C’ of U — N, and since U —N C
U,also ¢’ C C, sothatw ¢ C'; thus C’ C S, (U), which
implies that z € &, (U). Now let w € £, (U) and V be
an open neighborhood of w in X. Then Ve, (U) # 0.
Since £, (U) = U — C., (U) is open in U and therefore in
X, (VNe, (U))NX =V (e (U)NX) is non-empty
and contained in VNS, (U). Therefore VNS, (U) # 0,
and w € T, (). O

Lemma 3.2 Assume X to be locally path-connected
and that for w € N and any open neighborhood U of
w, w & S (U). Then, X i3 locally connected at w. Fur-
thermore, if w also has a countable fundemental system

of neighborhoods, and U is an open neighborhood of w,
any point a € U — I, (U), a € X, can be joined to w by
means of & path in U — S, (U).

Proof. The first assertion follows from Lemma 3.1.
Now let w and U be as above and let (V3),., be a
countable fundamental system of neighborhoods of w.

——rr——

We may assume V.4 C V, C U - S, (U) for all
n>1 Fora =g, € (U——S‘s‘w(U)) N X there is

a1 € NGy, (U~ N) such that w € Ca, (Vi — N,
if not ¥; NCy, (U - N) C 9, (V4), and for some neigh-
borhood W, C V) of w such that W; NS, (V1) = 0, also
WinNC,, (U - N) =0, which, since w € Cq, (U — N),
is absurd. The same argument shows for some a; €
VanNG,, (Vi — N) that w € Cy, (V3 — N), and iteration
allows, with Vg = U, to obtain a sequence (an),,q such

that an4) € Vo1 NG, (Vi — N)andw € G, {V,, — N)
for all n > 0. Since X is locally path- connected, com-
ponents and paths-components of X coincide. Then, a
sequence 0 = {, < ) < --- <, < -~ < L t, = 1,
and paths an : [tatny1] = Ca, (Va —N),n 2 0, ex-
ist such that ay (tn) = an,an (Eny1) = any1. Observe
that ay, ([tn,tnt1]) € Vin for m > 0 and n > m, so that
a:[0,1] = U, defined by a(t) = a, (t) if t, <t <t
and a (1) = w, actually is a path in U joining a, and
w. As a matter of fact, a(t) € V, C U - 8, (U) for
n>1andt > ¢,, and since a([t,, t1]) C Ce, (U - N),
Cao, (U—N)isopeninU and C, (U — N)nQ, (U) = 0,
also a(ft, t1]) € U — 9, (U). Thus, a is a path in
U—-5S, (U). O

Lemma 3.3 Let w and U be as in the previous lem-
ma. Then, any point /' € U, = U - 3, (U), ' € N,
such that ' € Q, (V) for any open neighborhood V of
o' in X, and admitting o countable fundamental system
of neighborhoods, can be joined to w by a path in U,,.

Proof. Any point in U, N X can be so joined to w,
as shown in the previous lemma. Now assume that the
assumptions hold for ' € U, N N. Again, from Lemma
3.2 it follows that any point z € Uy = U, — S (Us),
z € X, can be joined to w’ by a path in U;. Thus, since
U, C U, if Uy nX # @, the assertion will follow. But
since U} is a neighborhood of &' and w' is in the closure
of X, this is trivial. O

The above results imply the following theorem.

Theorem 3.1 Let X be a compactification of the
locally path- connected space X by addition of the set
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N.Assume that any point w € N has a countable funda-
mental system of neighborhoods and that for any open
neighborhood U of w, w ¢ S, (U) . Then X is locally
path-connected.

Proof. Clearly X is locally connected , and from
the previous lemma it follows that for any w € N and
any open neighborhood U of w, U — <, (U) is a path-

. connected neighborhood of w. 0O

Remark 3.1 The proof of Theorem 3.1 follows ideas
in [5]. Let X be a compactification of X by addition of
N. A subset M of N is called thin if it is open in N and
any w € M has a fundamental system (V3,),,5, of open
neighborhoods such that w ¢ <, (V,,) for all n > 0. We
may assume that V,, N (N — M) = 0,and it follows that
if X is locally path-connected then V;, -G, (V,,), n 2 0,
is a fundamental system of open path connected neigh-
borhoods of w, so that X U M is locally path-connected.

Clearly X UM is open and dense in X and therefore X
is a compactification of X U M by addition of N — M.

Remark 3.2 If X is a compactification of the local-
ly path-connected space X by addition of N and if
M is an open subset of N such that each w € M
has a countable fundamental system (V3),., of open
neighborhoods with V;, — N having, for each n, only fi-
nitely many components, then M is thin. In fact, we
may assume that V,, N (N — M) = B for all n, and if
C1,Ch, ...,Cp, are the components of V,, — M such that
wgCrk=1,2,...,m, thenw ¢ S, (Vo) = C1U...UCp,.

In view of Remark 3.1 and Corollary 5.4 in [2], the
following corollary of Theorem 3.1 holds.

Corollary 3.1 If Xisa compactification of the lo-
cally path-connected space X by addition of the set N,
if every point w of N has a countable fundamental sys-
tem of neighborhoods, and if M is a thin subset of N
such that D™ (N — M) = 0 for some n > 0, then X is
locally path- connected.

The following example has some interesting features.
Example 3.1 Let
X={(z,n/z) |z€ R,z #0,ne Z,n#0}
be endowed with the topology of subspace of R2. Also let

X = XU({0} x [~00, +00]) U([—00, +00] x {0}) be giv-
en the topology of subspace of [—o0, +00] x [—00, +00].

Then X is a compactification of X by addition of the
set N = ({0} x {—o0, +00] U{[—00, +00] x {0}). Clearly
= ({0} x R) U (R x {0}) is a thin subset of N and

N — M = {(0, 00}, (0, +00) , (~00,0), (+00,0)}

is finite, so that from Corollary 3.1, X is locally con-
nected and locally path-connected. Observe however
that C, (N) = N for each w € N and therefore N is
not totally disconnected. This example also shows that
neither condition w ¢ e, (U) ot w é 3, (U).implies total
disconnectedness of N, and that X can still be locally
connected or Jocally path-connected when this condition
fails to hold for N.

Remark 3.3 We do not know as yet whether the on-
ly conditions of having countable fundamental systems
of neighborhoods at w € N and of w ¢ &, (U} for
any neighborhood U of w can guaranty the local path
-connectedness of X at w.

Remark 3.4 It is readily seen that if the space X in Ex-
ample 3.1 is given the uniform structure I ({1, p. 181)
of subspace of {—o0, +00] x [—00,+0] and z € X then
X = Az, where A; is the set of points of X which can
be joined to = by a V-chain ([1], p. 224) for all V € /.
Observe, however, that X is not connected, as the case
would be if X were compact {[1], p. 224, proposition 6},
a result that was crucial in all considerations above.
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