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Se calcula el numero de soluciones en [K[X]/(p(X)")]" = L, de las ecuaciones
Qr(t1,... ts) = aa(2:)t3 + ... + as(z.)t2 = B(z;), de coeficientes en L, y se calcula la

correspondiente serie de Poincaré.
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Abstract

The number of solutions in [K[X]/(p(X)")]° = L of equations of the form Q- (t1,... ,ts) =
a1 (202 + ..+ as(z)t2 = B(z.), with coefficients in L, is evaluated. The corresponding

Poincaré series are also evaluated.
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1. Introduction

The aim of this paper is to count the number of
solutions of equations of the form Q.(t,...,t;) =
ar{z)t3 + ... + as(2.)t2 = B(z.), where a;(2) (i =
1,...,s), and 3(z,) belong to certain finite L—algebras
L, (see infra). If each a; = 1, this amounts to count
the number of ways an element (3(z.) in L, can be
written as a sum of squares in L,. This is the con-
tent of the second section. In the third Section we use

these results to evaluate the Poincaré series (see wnfra)
of Qu(ty, ..., 1) = 3(z)-

The results in the second section extend the classical
ones for finite fields contained in L. E. Dickson celebrat-
ed book [3]. The notations that we will use are those
introduced in [1] and [2].

Let thus K be a finite field with ¢ elements, and
let p(X) be a monic irreducile polynomial in K[X] of
degree m. Then it is known that K[X]/{(p(X)) = L
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is a finite field containing K and such that the di-
mension of the extension L/K is equal to the degree
of the polynomial p(X). Thus L is a field with g™
elements. We will write a(z,) for the elements of
K[X]/(p(X)") = Ly, r = 1,2,.... It is shown in [1]
and [2] that K[X]/(p(X)") = L, is a K-algebra with
q"™ elements and that

L={a(z)=a+ar12,+-+a,_1207 ' 1 o € L},

where 2! # 0if i = 0,1,... ,7 — 1 are all different, and
z) =0if j >r. Infact, 1, 2., ..., 27! is a basis of the

K —algebra L,. Its L—dimension is thus r.

If » < v, the mapping 7, : L, — L, defined by
Trw(0(2,)) = a(z,) is a homomorphism of L—algebras.

If Hy(t1,... ,ts) € Lty,... ,ts] is a polynomial with
coefficients in L, and s indeterminates, then

Trr,'u(HU(t]:' ) Jt&’)) = Hf‘(tl" e 1t5)

is the polynomial in L,[t1,... ,ts], whose coefficientes
are the classes modulus (p(X)") of the coefficients of
(s it

If 7, € L} is a zero of Hy(t1,... ,ts), and » < v, we
say that 7, is a descendant of 7, if 7, ,(7,) = 7. In
this case we have H,.(1,) = (0. We also will say that 7,
is an ascendant of T,,.

A zero T, € L} of H, is said to be regular (or non
singular) if
aHl('Jle,-(‘TT)) o 8H1(71,1, o s ,Tl,s)
= #0,
ot; ot
for some j =1,...,s. Otherwise it is said to be singu-
lar.

Every descendant of a regular zero is regular. Indeed,
since

- - aHm(tl,tg,.;. ,ts)
1 n,m 8tj

_ OHyltvite i its)
= o, ,
we see that if 7, is regular zero and T, is a descendant
oL T 10860 Ty =Tl T ) ThEH
OH,(m1,n(Tn)) _ OH1 (1,0 (Tn,m (Tm)))
0# =
ot; at;
_ O (m1,m(Tm))
ot '

for some j.

As in [2], we denote by c(r, H) the number of zeroes
of H, in LY and by d(r,71) the number of descendants

of 71 in LI,

to see that

where 7| is a zero of H; en L*. It is easy

Yo dlnTi). (1)

™1
zero of H,

c(r,H) =

A form H,(ty,...,t5) € L[t1,... 5] is said to be
an strongly non-degenerate formif (0,... ,0) € L* is the
unique singular zero of H,(ty,... ,t,). In particular, if
the characteristic of K is different from 2 and the dis-
criminat disc (J; of the quadratic form Qq(t1,... ,ts) €
Llty,... ,ts] is not zero, then the quadratic form

Qr(tlu"' :ts) :al(z"”)t? +.. +a-‘l(z?‘)tf (2)

is strongly non-degenerate. In this case, a descendant
of 7o = (0,...,0) in L} has the form

r—1 r—1
_ | i—1
Tr =1\ 2r TLiZe se-v 2 Ts,i%r
i=1 i=1

and thus

r—1 r—1
Gulrey= 2205 (Z T2 s ,Zn,zz::"l) . (3)
i=1 i=1

If » < 2, then (3) is always equal to zero. Therefore
d(2;79) = ¢™. If r > 2, the equation (3) is equal to
zero if, and only if,

r—2 r—2
Q2 (Z Tl,iz:l:}?) s s ;Zﬂ:,iz}._-lg) =0,
i=1 i=1
by virtue of proposition 2.4 of [2]. Consequently,
d(lr; TU) T C(?' _ 2)q2ms ) (4)
From now on all the fields considered are supposed
to be of characteristic p # 2.

Let Q(t1,... ,ts) = ait? + --- 4 at? be a quadratic
form with coefficients in the finite field IF, whose char-
acteristic is not 2. We define, for s = 2m or s = 2m + 1,

si (—1)"discQ € ]F,,X2 ,

1
VAt ) = U {-1 si (—1)™ discQ ¢ F,*2 .

We denote by N(Q,q,b) the number of solutions of
the equation

Qtr, ... ts) =arti + - +ati =0,
(belF,)inF,".
The following results are proved in [3, pp. 46-48]:
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Proposition 1.1. Let Q(t,... ,t;) = a3+ +agt, [
s = 2m, be a quadratic form with discQ # 0. Then

q2m—l _ Vqu_l if b ?é 0,
™1 t+uyg(g™ —g™') ifb=0.

1 if (-1)™bdisc@Q € F,*?,

N(Q,q,b) = { w(b,ay,... ,agms1) = § -1 if(fl)’”bdisc()QfIF,TXQ,
0 if (—1)"bdisc@ =0 .

Proposition 1.2. Let Q(t1,... ,t5) = aiti+- - +a,t:.

s = 2m + 1, be a quadratic form with disc @ # 0. Then

N(Q,q,b) = ¢*™ +w(bay,... ,60mp1)q" , 2. Modular sums of squares

where
In order to prove the main results in this section we

will need the following lemmata.

Lemma 2.1. Let Q.(t1,... ,ts) € Ly[t1,... ,ts] be a strongly non-degenerated quadratic form. Then the number of
solutions Ng(r,Q) of Q,(t1,... ,t;) = 0 which are descendants of the regular zeroes of ()1 is given by

[qm(Zu—l) + g, (qmu o qm(ufl)) - q(r—l)m(s—l)

if s = 2u, and by
{q%nu -~ l]q(r—l)?n(.q—l)
ifes=2u+1.
Proof. Let 7, € L* be a non-trivial zero of the given quadratic form Qi (¢;,... ,ts). By [2, proposition 2.5, and its
proof] this zero always has descendants, and by recurrence we obtain
T1)=1
d(2,71) = d(2 - 1,71)g™0) = gD

d{r,7)) =d(r — 1, 7)™ V= .= gir=Tme=1],
Using (1) and propositions 1.1 y 1.2, we see that Ng(r, ()) is given by
[c(l,H) _ 1]q(r_1)m(s—1) — qm(2u71) . VQl(qTrLu - q’m(u—l)) _ ljlq(,-_l)wn(sfl)
when s = 2u, and by
Ni(r,Q) = [e(1, H) - 1]glr=0m =D — g 1] =0t

when s = 2u + 1. Oa

Lemma 2.2. Let Q.(ty,...,t,) € L.[t1,...,ts] be a strongly non-degenerate quadratic form. Then the number
Ns(r, Q) of solutions which descend from Ty = (0,..,0) of Q,(t1,. .. ,ts) =0 is given by

q(r—2)7n(s—1) _ q(1-72)m.s

m(s—1) 2ms
q

(r—1)ms _
1 +[e(1,Q) — 1] F£m-D _ g2ms

if r is even, and by

(r—1)yms q(r—-:})m(sfl) _ q(;-_g),ms
o(1,Q)q *+[e(1,Q) — 1] x e T

2m(s— l)q‘ZmS

if v is odd.
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Proof. Accordingly to the results in section 1, the number of descendants of T4 = (0,. ..

d(l 1"0) =1

d(2 1"0)

d(3,79) = c(l Qygme
d(4,70) = ¢(2,Q)¢*™ = (d(2,70) + [c(1,Q) -

»T0

d(6,70) = c(4,Q)¢"™ =

d(7,70) = c(5,Q)g"™* = {d(5,T0) +

—

] m(s— 1)) st: 3ms

(d(
d(5,70) = ¢(3,Q)g*™ = (d(3,1~0) +e(1,Q) — 1]g2m D
(t

d4T0)+[C1Q 71 3m(s—1) q2m5:

,0) is given by

[0(17 Q) _ l]qm(s—l)qZ-rns

2ms 1 Q) 4ms+[c(1 Q _1]q2m5 l)q2mq

5ms + [C 1 Q) _ 1} (qu(s—l}qus _{_qm(afl)qslms)

[e(1,Q) — 1]g*me=D ) g2

™)

= o1, Q"™ +[e(1,Q) — 1 (g™~ VgPms 4 Pl Dgime

Thus,
d(’f‘, T()) =g

(r—2)ym(s—1) _ q(r—‘Z)ms

_ (r—1)ms _ g
q + [C(luQ) 1]( g2m(s—1) — g2ms

if 7 is even, and

m(s—l)qzms)

(r—1)ms [(1(1 Q) _ 1]( (r—3)m(s—1) ch i q(r o)m(s—])q4ms S +q3m(s—l)q(r—4)ms i qm(.sfl)q(r-Z)mﬁ)

l

d(T,TO) == C(l, Q)q(r—l)ms + [C(ls Q) _ 1] (q(T‘—S)m(Sul)QQTI’IS £ q(rfs)m(sfl)qtlms

A4 U q4m(s—-1)q(r—5)ms + q2m(s—1)q(r—3)ms)

= C(]., Q)q(r—])ms +

if r is odd. O

Proposition 2.1. Let Q,(t1,...,ts) € L [t1,... ,ts]
be strongly non-degenerate quadratic form. Then the
number of solutions c(r, Q) of Q. = 0 is given by

c(r,Q) = Nr(r,Q) + Ns(r, Q)
Proof. We know that
@)= 3 drm)
ZeroféfQ;

and since (); has only one singular zero, namely 79 =
(0,...,0), then

e(r,@Q) =d(r,T0) + Z d(r,m)
T1#To
zero of (0
= Ns(r, Q) + Ng(r, Q). u

Next, we consider the equation
Qrltr,. .. \t) = an(z)B + ...+ ay(z) = B(z). (5)

Thus in L, we have the equation

{(r—3)m(s—1) _ ,(r—3)ms
q q — 2ms
@(1,@)-1}( L pemteg2 )
q q
[
ar(2)tf + ... + a5(2)t] = B(2). (6)

If 3(z) = 0 we refer to proposition 2.1. So we may, with-
out lost of generality, suppose now that 3(z,) # 0. In
this case it is clear that (0,...,0) is not a solution of
(6), so all of its solutions are non singular. Using propo-
sitions 1.1 and 1.2, the number of solutions of (6) in L*
is given by

qm(s—]) o Uqum(u—l} :

if s = 2u. Since all of them are non singular, for each
one of them the number of its descendants in Lf is
gm™(r=1{s=1)  Therefore (5) has

qm(r—l)(s—l) (qm(2u—l) _ UQanL(ufl))

solutions. If s = 2u + 1, (6) has
B(z), (2, ..

¢*™" + w yas(2))g™"
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solutions, in L®. Therefore,

qm(rﬁl)(sfl)(q%nu —I—w(ﬁ(z),al(z}, o ,as(z))qm“)

is the number of solutions of (5) in L. Thus we have
proved the following result:

Proposition 2.2. Let Q,(t1,... ,ts) = ai(z)tf +
...+ ay(2,.)t2 be a strongly non-degenerate form in
L.[t1,... ,ts]. Then the number of solutions of

Qr(tlp--- 1t5):ﬂ(zr)a 6(2)‘7&0>
in L? is given by
qm(r-])(sfl) (qm(2u~1) _ Vqum(u—l})
if s = 2u and by
qm(rfl)(sfl) (q2mu +w(ﬁ(z),a1(z)’ o ,as(z))qm“)

Qi (brse 50 3t5) = O T RN

isin L.[ty,...,ts], then

Riltrsues 5E:)= ctﬂz)tf—F (224082 +. A2

where v < s (assuming the indicated order without loss
of generality).

In this case (0,...,0) € L® is not the only singular
zero of @, since (0,...,0) € LY can be completed in
q™0~) ways to a singular zero (also the regular zeroes
can be completed in a similar way) in L*. Using (1), and
propositions 1.1 and 1.2, and the preceeding remarks we
conclude that the value of ¢(1, Q) is given by

|:qm,(2u—l) i I/(O:l,. B :au)(qmnu o q'm(ufl)) q'm.(.s'—'u) (7)

if s =2u+ 1. O
Let us suppose now that the quadratic form is not when v = 2u, and
strongly non-degenerate in L, [t;,... ,t;]. This means qzmuqm(sw} (8)
that if
when v = 2u + 1, where we have written «,; instead of
ai(z).
Lemma 2.3. Let Q.(t1,... ,ts) = aj(z:)t5 + ... + as(z,)t2 € Ly[t1,... ,ts] be such that Qq(t1,... ,t5) = ay(2)t2 +

oot ay(2)t2 in L[ty, ..

u

., ts], with v < s. Then Ng(r, Q) is given by

qm(2u—l) + vg, (qmu _ qm('ufl)) _ 1} qm[(r—l)(s—1)+(s—v)]

if v = 2u, and by

[q2-mu _ 1} qm[('rfl)(sfl)+(5—v)]

ifv=2u+1.

Proof. Let 71 € L* be a regular zero of (¢, ...
dir,71) =d{r — 1,71)q

Using (1) we get

m(s—1) —

,ts). By the proof of Lemma 2.1 we have

R q(r—i)'m(s—l).

NR('F’, Q) - [C(l,H) _ qm(s—v)]q(‘r-—l)m{sfl] - qrn(?u»l) s VQl(qmu o qm(u-l)) = q(rfl)lm(s--l)+m.(5—u)

when v = 2u, and

NR(T,Q) - [C(I,H) - qm(s—v)]q(rfl)m(sfl) _ [q2mu _ 1} q(-r—1)111(571)4»717.(.;71-)

when v = 2u + 1.

Lemma 2.4. Let Q.(t1,... ,ts) = a1(z:)t3 + ... + as(2z.)t2 € L.[t1,... ,ts] be such that Q(t1,...,

d
ts) = ay(2)t? +

oot ay(2)t2 in Lity, ... ,ts], withv < s. Then Ng(r,Q) is given by

q"m.(.i—u] {q%m(sﬁu)q(rl)ms + [C{l, Q) _ qm(s—v)] %

q(r—Z)m(sﬁl) "'_zm(s—v)q(r—Z)ms

—q 2

m{s—1) 2ms
q2m(s—1) _ qm(sfu)qﬂlms q g }’
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if r Is even, and by

q(r—."i)m(s -1)

qm(s—v){6(11Q)q5;—3m(s_v)q(r—l)ms o [C(l:(\?) ) qm(afv)] %

if r is odd.

—3)ms
- q ‘ m( )q(r ym (2m(._~—l)(2ms
q‘ZTn(s 1} _ qrn(sfu)q%ns 1 1

Proof. In this case we have ¢™*~") singular zeroes of () in L*. Accordingly to the proof of Lemma 2.2, for each
singular zero T¢ € L* of (1, we have

d(l,TO) =1
d(2,79) =q™
d(311—0) = C(lr Q)qus
d(4,T0) :C(Q,Q)qus :{ (2 T ) m(s—uv) + [(( qm(s—v)]qm,(s-l)}q?wns
— qm(s—v)q3-ms [ (1 Q) m(', v ]qm(sfl)qu.s
A(5,70) = (3, Q™ = {d(3, 7o)g™ )+ [¢(1, @) — g2 | g2
_ C(]'1 Q)qm(sfu)q/lms f [(,(1 Q) - qm(s—v)]qizm(sfl)q'zms
d(G,TD) _ q2m(s v) Hims o [L 1 Q m s— )]{(131n(971)q2-rns s qm(.s-—1)q111.(s——v)q4ms}

(7 7_0) — C(l Q 2m(s— ‘L) s 4+ [((1 Q) m §— ’L)}{q‘lm(h‘—l]q‘Z'ﬂ’LS +q2m(sfl)qm(s—v)q4ms}

Therefore,
d{?’,’?‘o) s q%m(s-—v)q(r—])ms + {C(l, Q) — qm(sfu)]{q(y-,:_’.)m(sf]]q%ns o q(r'—ﬁ)?n(s—])qTTL(a‘fU)q‘ﬁus S
f q3m(s—-1)qf;—“rra(sfv)q('rffl)ms + qm(s— )q L (s— 1:)q(r—2)ms}

(r—2)ym(s—1) _ q*.z—‘m(‘. v); (r —2)ms

q‘27n(s 1) _q'rn(s L)(]Zm,s

— q%vn(s—v}q(r—l)mﬂs e [C(ly Q) o qm(s—u}]{ q
if r is even, and

d(T‘, T()) = (;(11 Q)q%}ﬂm(ﬁ—v)q(r—l)ms [ (1 Q) m )]{q(rfli)m(s—l)q%ns + q(r—ﬁ)m(s—l)qm(:amv)q:lms Hi,

qm(s— l)q2ms } .

+q4m(9 l)q = Tm(s—v) (r—))1n€+q2m(3 l)q “m(s— u) (r o)'mq}

=o(1,Q)¢" +[e(1,Q)
o m(s—u)} q(rmg)m(Sil) * q%m(s—v)q(r—-”s)ms (2m(s—-l) 2ms
g q?ﬂl(ﬁ*l) _ q‘.'n(s—v)q‘ZIrw 1 1 !

if  is odd. Consequently, Ng(r, Q) equals

(r—2)m(s—1) _ "‘.;zm(s—v) (r—2)ms
s — U ‘."‘ T ) r— ms n -1 q q 2 q m\s— ms
qm(s ){q = 2m(s—v) ( 1) {(1(1, Q) - qm(s )}’( { qzm_(s_l) — qm(s_u)q:gms q ( l)(]2 1 }}

when r is even, and it equals

3 et s — r—3)ms
(I(T*J)Tn(s-—l) _ qu,(b )q( 3)m { in(s_l){ _—
q‘Zm(s—l) _ qm(s—'u]q‘Z'rrw 1 1

( _ s ‘
qm(s—v)ic(l:Q)(]T'm(s—v)q(f—l)ma 3. [C(].,Q) - qm(sfv)})( {

when 7 is odd. d
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Proposition 2.3. Let Q,(t1,... ,ts) = ay(z)t3 +.. .+
as(2,)t2 en L,[t1,... ,ts] be such that Qi(t1,... 1 ) =
ay(2)t2 + ... + oy (2)t2 € L[ty,... ,t,], for v < s, then
the number of zeroes c(r, Q) is given by

e(r,Q) = Na(r,Q) + Ns(r, Q) -

Proof. It is inmediate. O
Let us find now the number of solutions of the equa-

tion

Qrlts, ... ta) = 01(2)83 + ... + a(2.)t2 = B(2:), (9)

where 3(z,) € L, is different from zero. In L we have
the equation

Qi(t,...  ts) = ()2 + ... + a(2)t2 = B(2) , (10)

for v < s and 3(z) # 0. If 8(z) = 0 we are in the situ-
ation of the preceeding proposition. Thus, if 3# 0it is
now clear that (0,...,0) is not a solution of (10). That

means that all the zeroes of (10) are regular. The num--

ber of solutions of (10) in L® accordingly to Proposition
1.11is

[qm(Zufl) _ m(u—l)} qm(s—u)

vo.q

if v = 2u, and

[q2mu + w(ﬁ(z), Bt 5 1O{v)',:?m't.u} qm(sfv] 3

if ¥ = 2u + 1. Since all of them are regular, the num-
ber of descendants of each of these solutions in L} is
gm(r=1(=1) Therefore, in L$, (9) has

I:qm(Zufl) m(u—l)j|qm(s—u)+m(r—])(57])

—vQ.q

if v = 2u, and

[qzmu +w(B(2), o1, . ..

in v = 2u + 1 solutions.

, av)qmu] qm(s—v)+m(r—1)(971)

Proposition 2.4. Let Q(t1,... ,ts) = ay(z)t2+.. .+
(2, )t2 be a quadratic form in L.[t,... ,ts] such that
Qi(t1,... ,ts) = a1(2)82 + ... + ay(2)t2, with v < s.
Then the number of solutions of
Qr(th 33 :tS) = f(j(z'f‘)’
in L? is given by
[qm(?ufl) _ UQIqm(u—l)]qm(s—v)+m(r~1)(57])

B(z)#0,

if v = 2u, and by

[qz-,n_u +w(B(2), a1, . .-
fo=2u+1. O

; Q‘U)qmu] q:rn(sfv)+m(1"—l}(s—l)

3. Poincaré series

Let L[[Z]] be the algebra of formal power series
X+ M2+ 2%+ , where A\; € L. Let H =
H(ty,...,ts) € L{[Z]][t1,--. ,ts] and consider the fol-
lowing formal power series

o0

P(H,U)=>_c(j, H)U’ € Z[[U]), (11)

J=0

where ¢(0, H) = 1. This series is called the Peincaré
series of the polynomial H. A conjecture of Borevich &
Shafarevich says that (11) is a rational function of U.
Our purpose in this section is to compute the Poincaré
series of a quadratic form and verify the correctness of
this conjecture in this particular case.

Using (1) we obtain for (11) the following expression:

P(H,U) = (0, H) +Z Z d(j, U

zZero ufH1

=1+ Z Zd;,‘rl

zero of H.

The series Z e d(j, 71)U? is called the contribution of
the zero T to the Poincaré series of H. Thus, if we prove
that each one of these contributions is rational function
of U, the corresponding Poincaré series will be a rational
function. Let us take, thus, the quadratic form

Qty,. .. ts) = (Z2)2 + ...+ a(2)2

en L{[Z]|[t1, .. . ,ts]-

Let us define

(e (Z)) = Ao+ Mizr +... + Aeo12i 7t = a;(zr)

where a;(Z) = A+ M2 + ... + MeZF + ..., and
z, is the equivalence class of p(X) modulus (p(X)").
So «;(z) is the equivalence class of a;(Z), modulus
(Z7), the ideal generated by Z", which in our nota-
tion is the equivalence class modulus (p(X)"). Actually,
L([Z]] = projlim L, (The details may be found in [1,
chapter I11]). Also, we are able also to compute the num-
ber of zeroes Q1(t1,... . ts) = ai(2)t? + ... + o (2)t2,
where «;(2) is the equivalence class modulua p(X) of
@;(Z) (or what amounts to the same thing, 7 (a;(Z))).
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Let 71 € L® be a non singular zero of (J; and let |
7o = (0,...,0) € L* be the unique singular zero of (};. if s . And
Using the results of the foregoing section, we get
d(2,10) = d(2 - 1,70)q™ = q™* d(r,71) = d(r — 1,71)g™™D = | = gn(r=D{s=1)
d(r,To) = c(r — 2,Q)g*™* ,
if r > 1.
Consequently, the contribution of any non singular zero 71 of (7 is given by
U
m(s—1)rr2 2m(s—1)rr3 ('r m(s—1)rr e
U +q U +gq &k ¢ U S Iy
The contribution of 74 is
o0 00
U+q™U 4+ c(r —2,Q)¢"™ U™ = U +q™ U + ¢#™U* D e(r - 2,Q)U 2
r=3

r=3
:U+qmbU2 +q2msU2 Zc(kyQ)Uk e U+qan2 +q2m.5U2 [P(UQ) _ 1] )
k=1

In this case

CPUQ)Y =1+ Z ZdTTl—l-f—Zd(TTD)-F Z Zd?'rl

T1 zero of (@ r=1 71 regular r=1
1 e
zero of @,

— msyr2 2msyr2 (C(I’Q—)il)U

This last equality implies that
2msyri ms (C(]-:Q) — 1)U
[PO.Q) -1 [1- @™V = U+ g™V + = o

therefore,
U+ grut 4 COAN0 [+ ™) - D) +o(1,Q) - 1]
PUQ) =1+ TG .
1= q.stUZ (] _ q2msU2)(I _ qm(s—])U)

Using the propositions 1.1 and 1.2 we see that ¢(1, @) equals
qm(‘Zufl) g vo, (qmu . qm(uf'l))

when s = 2u and it equals ¢*™* when s = 2u + 1. We conclude thus that
1

P(U, Q) =1+ U{(l + qu'U)(l _ qm(s—l)U) + qm(Zu—l) + v, (g™ — qm{u 1)) = 1} = qQ””UQ)(l — q’”‘(“*])U)

if s = 2u, and
UJ:(I + qmsU)(l _ qm(s—l)U) + {q'.!mu _ 1)]
P(U:Q) =1+ {1 _ (12msU2)(1 _ qm(sfl)U)

if s = 2u+ 1. Using these results we can now verify that the Poincaré series of a diagonal quadratic form ) such that

disc ) # 0, is a rational function. More precisely,
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Proposition 3.1. Let Q(t1,... ,t;) = a1(Z)t2 + ... + a;(Z)t? be a non singular quad;ahc forniie L&) [t = - sEsls
such that disc Q1 # 0. Then its Poincaré series P(U Q) is given by

1

(1 s qm(sAul)L.")

14+ U{(+ g™ )1 = g™ 0) + 47D g, (07—

when s = 2u, and by
U[(]. + qrnsU)( ﬂl(s 1)U) + (q?rnu o 1)j|

S (v R )
when s =2u+1 . O
Next we find the Poincaré series of a quadratic form Q(ty,... ,ts) € L[[Z]][t1,- -+ ,Ts] for which disc @, = 0.
Proposition 3.2. Let Q(t1,...,ts) = a1(Z)t? + ... + as(Z)t? be a quadratic form in L[[Z]|[t1,... ,ts], such that
Qi(t1,... ,ts) = ag(2)t] + ... + ay(2)t2, withv < 7. Then the Poincaré series of () is given by

1+ qm{SvU)U{(l il qmsy)(l _ qm(s—l)l]) f qm(Zu——l) +vg, (qmu _ qm(ufl)) _ 1}
1
% (1 — qﬁmsqm(s—v)U2)(1 = qm(sfl)U)

if v = 2u, and by
qm(.s—v)U (1 I qmsU}(l - qm(s#l)U) e (qgmu _ 1)]
(1 _ q2msqm(s—v)U2)(1 - qm(sfl}U)

1+

fv=2u+1.

Proof. Let 71 € L*® be a non singular zero of Q7 and let 79 € L® be a singular one. Using the proof of Proposition 3.1
we see that the contribution of any non singular zero 7; of ) is

U

m(s—1)rr2 2m(s—1)7r3 (r—1)ym(s—1)yrr —
U+gqg U*+q U+ ... +¢q U™+ T g I

The contribution of each T is
U+q™U% + ™ U?[P(U,Q) — 1] .
Then P(U, () is given by

1+ Z Zd(r‘rl—lJr Z Zd:’rg Z Zdr'rl

7y singular r=1 7 regular r=1
zero uf (o5 zero of @ zero of Q,

ms T\ s—u s _ m(s—v ( (l Q) ,n' 2= U))U
:1+[U+q U?}q( )4 @I [P(U,Q) 1] + 1_qm<~ S

This last equality implies that

m{s—uv) + (C(l'Q) - qm(s—v})U .
y qm,(s—l)U

[PU,Q) ~1][1 - g™ = [U + q‘”“UQ]q
Therefore, P(U, () equals

U1+ U1 - D) +e(1,Q) - o)
(1 e q2msq1rz($—-‘u)UZ)(1 o qm(a‘_I)U)

1+

We know that
C(l, Q) - [qrrz(QlL—l) I v, (qfnu o q'm(ufl)):l qrn(s—v)
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when v = 2u, and
i1,Q) = g™l
when v = 2u + 1. We conclude that P{(),U) is equal to

1+ qm(s—u)U{(l + qmsU)(I _ qm(s—l)U) + qm(2u—1) 4 UQ](qmu o qm(u—l)) _ 1} 1

(1 iz q2msqm(s—v){]2)(1 — qm(s—l)U)

for v = 2u, and equals
qm(s—u)U (1 i qmsU)(l _ qm(sfl)U) 4 (quu _ 1):|
(1 _ q2msqm(s—v)U2)(1 _ qm(s—l)U)
for v = 2u + 1. Using these facts we now can verify that the Poincaré series of a diagonal quadratic form ), with

1+

coefficients in L[[Z]] is a rational function. O
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