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The spatial coherence wavelets and second-order correlation
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Abstract

A description of the second-order spatial coherence based on the theory of spatial coherence wavelets is presented.
Such description is performed in the classical context of optical fields and chaotic sources. The concepts of radiant
and virtual point sources are introduced. This theory suggests that the second-order spatial coherence state of light
can be described in terms of three layers of point sources; a strategy that can increase the performance of numerical
algorithms. The obtained modulation in coherence is similar to that measured in Hanbury-Brown and Twiss effect
for binary stars.
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Onditas de coherencia espacial y correlacion de segundo orden
Resumen

Se presenta una descripcion de la coherencia espacial de segundo orden, basada en la teoria de onditas de coherencia
espacial. Tal descripcion es realizada en el contexto de campos Opticos y fuentes cadticas. Se introducen los
conceptos de fuentes puntuales radiantes y virtuales. Esta teoria sugiere que el estado de coherencia espacial de
segundo orden puede ser descrito en términos de tres capas de fuentes puntuales; una estrategia que puede mejorar
el rendimiento de los algoritmos numéricos. La modulacion obtenida en la coherencia es similar a la medida en el

efecto Hanbury-Brown y Twiss para estrellas binarias.

Palabras clave: coherencia espacial de segundo orden, Efecto Hanbury-Brown y Twiss, estrellas binarias.

Introduction

The theory of spatial coherence wavelets provides a phase-
space representation for classical optical phenomena
within the scope of the first-order coherence (Castafieda,
2010a). In this theory, an optical field in any state of spatial
coherence can be described by the emission of two types
of point sources distributed in two different layers of space
(Castafieda, 2010b).

The first type is called radiant point sources and they
are located at first layer. These are responsible for the
propagation of the radiant energy of the field, a positive
definite quantity independent from the spatial coherence
state and recordable by the squared-modulus detectors.
The second type of sources is named virtual point sources
and they are placed at the second layer. Their energies can
take positive and negative values and they are not directly
recordable by detectors, but they are crucial to describe
diffraction and interference because they modulate the
radiant energy by increasing and decreasing the local values
without altering the value of the total energy of the field.
Such energies depend on the spatial coherence state. A vir-
tual point source is turned on at the midpoint of any pair of
radiant point sources, not necessarily consecutive, within the
structured spatial coherence support centered at that position

(Castarieda, 2010b), which implies that the set of radiant
sources must be discrete. These virtual sources are called
first-order virtual point sources. This model can completely
describe the first-order spatial coherence properties of scalar
wave fields.

Now, Young-like experiments with first-order virtual
point sources are analyzed. The interference between
contributions from these sources is a result of the second-
order state of spatial coherence of the field. It leads to
correlation between the spatial coherence wavelets, which
also involves the correlation of the cross-spectral densities.
This development is performed in the classical context of
optical fields and chaotic sources, which is appropriate for
describing stars. The result is compared with that obtained
in the Hanbury-Brown and Twiss effect to measure the
angular separation of binary stars systems.

The study of this effect in the spatial domain is valuable, for
instance, to construct modern intensity interferometers with
Cherenkov telescopes (Le Bohec and Holder, 2006).
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Spatial coherence wavelet

Spatial coherence wavelet is defined as the basic vehicle
for simultaneous transport of information about the energy
(power spectrum) and the state of the first-order spatial
coherence of optical field (correlation between the complex
amplitudes of the field at two different points of the space)
from the aperture plane (AP) to the observation plane (OP)
(Castafieda, 2010a). The planes are separated by a distance
z. Center-difference coordinates in the AP (&a, &p) and the
OP (ra, rp) are used in order to denote pairs of points at the
positions (&a + Epf2, Ea — Ep/2) and (ra+ rp/2,ra — Ipf2), as
illustrated in Figure 1. These points are simplified as (a £
&pl2) and (ra+ rp/2), respectively.

The radiant and virtual point sources are located at the AP,
each of these in the corresponding layer. &y is the separation
vector between radiant point sources. The wavelet is
denoted as:
ry ko
w rAi?,éA =S(E,,ra)exp —|;(gA )l
with wave-number k = 2z/4, wavelength 1 and S (Ea ra)

the marginal power spectrum. It is a Wigner distribution
function with energy units, defined as (Castafieda, 2010a):

S(ea.r)=[,W [aA —&Dj

ko 2
exp(lggA.éD)exp(—l EpT Jd &,

where W(Ex £ &p/2) is the cross-spectral density of the
field at the AP, referred to the structured spatial coherence
support centered at &, that encloses the pairs of radiant
point sources with separation vectors &p. The cross-spectral
density W provides a measure of statistical similarity
between light fluctuations at two points of space-time,
which is a measure of the correlation between the complex

@)

AP

z

Figure 1. lllustration of the center-difference coordinates (&a, &p)
and (ra, rp) at the aperture plane (AP) and the observation plane
(OP), respectively.
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amplitudes on the component frequency spectrum  of light
vibrations at these points (Mandel and Wolf, 1995). These
amplitudes are described by stationary random processes.
Such processes have the characteristic that their statistical
moments are independent of time, although their values are
random variables that fluctuate over time (Goodman, 2000).
Since the correlation between the amplitudes is an ensemble
average, then its value does not depend on time but on the
points in space where the correlation is evaluated, i.e. the
correlation is a pure spatial descriptor.

The superposition of spatial coherence wavelets produces
the cross-spectral density of the field at the OP:

o |_ iz ike 5. 2
W(rA +2)(ﬂzj exp[l ) rD]JPW(rAi 5 ,;Ajd )

where W(ra+ rp/2) = p(ra® ro/2) V S(ra+ ro/2) ¥ S(ra— rof/2),
with p(ra + rp/2) the complex degree of spatial coherence
at the OP, S(ra = rp/2) the power spectrum recorded by the
detectors (Mandel and Wolf, 1995). Interference terms
between wavelets are not included in equation (3). It
generates a moiré, which is called spatial coherence moiré
(Castarieda, 2010a).

Correlation between spatial coherence wavelets

The following equation determines the correlation between
the cross-spectral densities of the field at the OP referred
to the structured spatial coherence supports centered in the
points r, and r's, respectively:

S

with < > denoting ensemble average. Thus, equations (3)
and (4) load to the correlation between spatial coherence
wavelets:

G[rAi?,r;irzé’):(llzJ exp[ —(r, 1 D)J
xA£A£<W[rAtr2D,aAJW*[r'Airzé’,a'Aj>d2§Ad2§'A-

Thereby equations (1), (2) and (5) point out that the
second-order spatial coherence state of the field at the OP,
represented by <W(rAi ro/2) W*(r'a = r'D/2)>, results from
contributions of the second-order spatial coherence state of
the field at the AP, given by (W(Ea+ £0/2) W*(E'at £'5/2)),
which are propagated by:
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such propagation is depicted in Figure 2. Using equation
(6), the new second-order spatial coherence wavelets that
propagate the second-order spatial coherence state of the
field can be expressed as:

<W(rAir£’,gAJW *(r'Air;,g'A»: (7

K(aAyau\,rA,rA)exp{—i';(aA T —a;\-rs)]

With equation (7) in (5), the next expression is obtained:
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The measurement of second-order correlation involves
the combination of power spectrum values in a correlator.
The power spectrum values are simultaneously recorded
by two squared-modulus detectors, placed at two different
points on the OP. The correlator is an electronic device that
receives the signals from both detectors and multiplies them
(Hanbury-Brown and Twiss R, 1956). A requirement of
such measuring strategy is to arrange the detectors in the
same structured support, i.e., ra = r'y and rp = r'p, so that

equation (8) becomes:
2>_[ 1 ]4
Az
©)
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Second-order young’s experiment

The simplest configuration for analyzing second-order
correlation of the field involves a pair of first-order virtual
point sources at the second layer, each one turned on by a
specific correlated pair of radiant point sources on the first
layer. This configuration contains four co-linear radiant
point sources on one-dimensional mask. Such situation is
illustrated in Figure 3.

The four radiant point sources can emit different powers.
The first and second source, and the third and fourth source
have the same separation a, the second and third source
have separation b. Therefore, the separation between the
two first-order virtual point sources is a + b. These sources
of the second layer turn on a second-order virtual point
source at the third layer. It is assumed propagation in
Fraunhofer domain and real-valued degree of first-order
spatial coherence p(Eat Ep/2).

The correlated pairs of radiant point sources are constituted
by the first and the second source, and the third and fourth
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source, respectively. The coordinate origin of AP is at the
first source. Two squared-modulus detectors are placed at
different positions on the OP, with separation r, = Xp and
coordinate origin ry = 0.

The first and second layers of AP are involved with radiant
energy and modulated energy, respectively. The third
layer is associated with modulated coherence. The fourth
layer represented in Figure 3 is the unified structure; this
one contains the three types of point sources. The black
bars denote the opaque segments of the mask and allow
determining the relative positions of the different point
sources. Note that the radiant point sources are always
placed in the mask openings while the virtual point sources
are at the midpoints of the opaque segments.

Figure 2. The cones represent the propagation of G(rat rp/2, r'a+
r'nl2; Ea, E'a) from AP to OP.

Figure 3. Diagram of layers at AP for second-order Young’s
experiment. The black bars denote the opaque segments of the
mask and the circles denote the point sources. There are four radiant
point sources on first layer on top, placed at the mask openings,
two first-order virtual point sources on second layer from top and
a second-order virtual point source on third layer from top. The
virtual point sources are at the midpoints of the opaque segments
of the mask. The bottom layer is the unified structure.
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Results

The dimensionless functions 1 = Co (&) + [1 — Co (&p)]
and 1 = C9 (&p) + [L — C'0 (&b)] are introduced in order
to separate the contributions of radiant and virtual point
sources in the equation (9). It can be expressed like the sum
of the terms:

Gm [i] [(s20)) +(S*(@) + (S(a + b))+ (S2a + b)), (10)

and
G0 = (£ [(s@ s0){'(a 0)

+(S(b +2a) S(b + @) (A(b +2a,b + )|
(11)
+[ ] 2(\S(a) \S(0) VS(b + 2a) VS(b + a))
{

w(@, 0)u(b +2a,b + a)) cos [ '; (a+b) XD].

G’nais the square of the power spectrum values recorded
individually by the detectors; it is the contribution by the
radiant point sources which does not depend on the OP
coordinates. The two first terms of G2 are the contributions
due to the first-order virtual point sources while the last
term is the contribution due to the second-order virtual
source. This term results from the correlation between
power spectrum values, so that the cosine modulation factor
depends on the separations of both the second-order virtual
point sources a+b on AP, and the detectors x, on OP.

In order to relate these results with chaotic sources, for
instance a binary star system, each correlated pair of
radiant point sources can be associated to the ends of a star.
Such analogy is often used in astronomy (Foellmi, 2009).
Equation (11) depends on the separation a of each pair of
radiant point sources (angular separation a/z of each star),
the separation a +b between pairs of radiant point sources
(angular separation (a +b) / z between a pair of stars) and
separation xp of the detectors (telescopes).

The first two terms of equation (10) characterize the
contribution of the two radiant point sources on the left in
Figure 3 and the first term in equation (11) characterizes
the virtual point source activated by them. These amounts
represent the star on the left of the binary system. Similarly,
the last two terms of equation (10) characterize the two
radiant point sources on the right in Figure 3 and the second
term of equation (11) their virtual point source. All these
represent the star to the right of the binary system.

The virtual source of the third layer provides the cosine
modulation on the measuring. This depends on the
correlation between the two virtual sources of the second
layer (correlation between stars). It is determined by the
amount < w@, 0) + b +2ab+ a)). Then the above amount
is zero in equation (11) for uncorrelated virtual point sources
(i.e. uncorrelated system of independent stars).
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Figure 4 shows the profiles of normalized G’ by
integrating equation (11) over all possible pairs of radiant
point sources on the disk of each star (Hanbury-Brown,
1974), when the binary stars are: a) uncorrelated systems,
b) correlated systems of identical elements (stars with
same size and bright) and c) correlated systems with one
element (star) three times brighter than the other. For the
first instance, G*ir is less than 1 in X, = 0, because the last
term disappears in equation (11).

G2vir
1.0 -

0.8 f
06 [
0.4 |

02[

G2vir

-.... PR PR PR PR S S NS wr S N .|XD
0 5 10 15 20 25 30 35

Figure 4. Schematics G2 vs. Xp obtained for second-order Young’s
experiments when the binary stars are: a) uncorrelated systems, b)
correlated systems with identical elements and c) correlated systems
with one element three times brighter than the other.
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Hanbury-Brown and Twiss Effect

The first measurement of the degree of second-order spatial
coherence was performed by Hanbury-Brown and Twiss
(HB&T) with the intensity interferometer. This type of
interferometer measured the correlation of fluctuations of
the intensities recorded at two points (telescopes) at the
same time. They wanted to measure the angular separation
of binary stars systems which could not be solved by
other methods. HB&T reported the following expression
(Hanbury-Brown, et al., 1967):

r’(d)=

(d) I+
with T as normalized degree of second-order spatial
coherence, where d is the distance between the telescopes
(called baseline), I, and I, are intensities of the two stars,

+)2 |12F12+ |22F22+ 21, I2|F1||F2| Ccos {%COSI/I}], (12)
2

C(d)
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Figure 5. Modeled measures for degree of second-order spatial
coherence in: a) binary system with identical stars, where C(d) = I
(d) + 1 (Baym, 1998) and b) binary stars Spica type when one star
is brighter than the other (Le Bohec and Holder, 2006).
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I'; and T, are the degrees of first-order spatial coherence for
each star, 6 is the angular separation of the binary system,
A is the chosen component of the light emitted by the stars
and y is the angle between the line joining of stars and the
baseline. In this paper, y is zero because of AP and OP are
parallel. The equation (11) resembles the mathematical form
of'equation (12). The argument of the modulation is the same
in both equations. The patterns given by equation (12) are
plotted in Figure 5 when the binary stars are: a) correlated
system of identical stars (Baym, 1998) and b) correlated
system with one star brighter than the other (Le Bohec
and Holder, 2006). The corresponding theoretical profiles
in Figure 4 are in good (qualitative) agreement with the
reported experimental curves in Figure 5. A quantitative fit of
the theoretical profiles and the experimental curves has been
not possible because the experimental data are reserved.

Conclusion

The second-order spatial coherence state of wave-fields
can be analyzed and described in the framework of the
classical wave picture and chaotic sources, through the
second-order spatial coherence wavelets. This description
leads to the correlation of power spectra on the observation
plane, which is product of Young-like experiments with
first-order virtual sources at the second layer. A second-
order virtual point source at a third layer is turned on
because of the correlation between pairs of the first-
order virtual point sources. Such source is responsible of
modulation on the coherence.

It suggests that the second-order spatial coherence state
of light can be described in terms of three layers of point
sources; a strategy that can increase the performance of
numerical algorithms. Such modeling leads to a degree of
second-order spatial coherence which is closely related
to the result obtained by Hanbury-Brown and Twiss for
binary stars.
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