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SOBOLEV-TYPE ORTHOGONAL POLYNOMIALS.
A NON DIAGONAL CASE

Herbert Duefias, L uis Gar za?
Abstract

Duefias, H., L. Garza: Asymptotic behaviour of the Jacobi Sobolev-type orthogonal polynomials.
A non diagonal case. Rev. Acad. Colomb. Cienc. 34 (133): 529-539, 2010. I SSN 0370-3908.

Consider the following Sobolev type inner product

1
(p.q), = j pX)g(x)(1 = x)"(1 + xPdx + P(1) AQ(1), (1)

1
where p and g are polynomials with real coefficients, .8 > —1, F(x) = (p(x), p/(x)), and

e -"Vfu A
A= )

is a positive semidefinite matrix, with My M, = 0, and A € R. The family of polynomials orthogonal
with respect to (2), {P4?),s0, are called Jacobi Sobolev—type orthogonal polynomials. An expression
that relates this family of polynomials with {P17),50, the usual Jacobi orthogonal polynomials, was
obtained in [8]. Here, we obtain the outer relative asymptotic for iﬁjﬁ},,:;‘.. as well as the corresponding
Mehler-Heine formula.

Key words: Orthogonal polynomials, Sobolev—type inner products, Jacobi polynomials, Asymp-
totic behaviour, Zeros.

Resumen

Consideremos el siguiente producto interno de tipo Sobolev
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1
P.q)s = II PO = x)*(1 + )P dx + P(1) AQ(D), 2)

donde p y ¢ son polinomios con coeficientes reales, @, 8 > -1, P(x) = (p(x), 7/ (x)), y

|

A
M,

es una matriz positiva semidefinnida, donde My M, = 0, y A € R. La familia de los polinomios or-
togonales con respecto a (2), {P*#},20, se llaman polinomios del tipo Jacobi Sobolev. Una expresion
que relaciona esta familia de polinomios con (P2#),20, los polinomios ortognales de Jacobi usuales,
se obtuvo en [8]. Aqui obtenemos la asintotica relativa exterior para {ﬁﬁ‘ﬂ},,;g, asi como también la

correspondiente formula de Mehler—Heine.

Palabras clave: Polinomios ortogonales, productos internos del tipo Sobolev, polinomios de Jacobi,

comportamiento asintotico, ceros.

1. Introduction

Let us consider the inner product

0.0) = fR P(Ddr(x) + BO'AQQ. ()

where do is a nontrivial probability measure supported on
the real line, A € R®K is a positive semidefinite ma-
trix, p, ¢ are polynomials with real coefficients, and Q(c) =
(q(c), q'©),..., q(’“”(c))f . The polynomials orthogonal with
respect to (3) are called Sobolev—type orthogonal polynomi-
als, and were introduced in [3].

Most of the work about the Sobolev—type polynomials has
been done in the case that the orthogonality measure du cor-
responds to classical polynomials. In [12], the author studied
(3) with A a diagonal matrix, do = x%¢*dx,a > —1 and
¢ = 0. He obtained the second order differential equation sat-
isfied by these polynomials.

The asymptotic properties of orthogonal polynomials with
respect to (3) when A a diagonal matrix have been studied in
the literature by many authors. In particular, in [16] the au-
thors consider the outer relative asymptotics, in a more gener-
al framework. There, they introduce a Sobolev inner product
in terms of a measure of the Nevai class M(0, 1) (a family
of measures with a positive a.e absolutely continuous com-
ponent and supported in [-1, 1]U £ where E is a discret set
with accumulation points in {—1, 1} that generalizes the Ja-
cobi weight function) and analyze the outer relative asymp-
totics of the corresponding orthogonal polynomials accord-
ing to the location of the point ¢ with respect to the support
of the measure. An extension of these results was done for the
non diagonal case in [3], as well as in a more general context
in [14] for many pass points located outside the support of
the measure.

The asymptotic behaviour of the corresponding orthogo-
nal polynomials in the particular case when £ = 2 was an-
alyzed in [5] and [15], and some properties about the loca-
tion of the zeros were studied in [13]. On the other hand, for
kz2,do=x%"dx,c=0and My =M, =---= My, =0,
M;_; > 0, the same problems were studied in [17], in the
framework of the zero distribution, and the study of the as-
ymptotic behaviour was developed in [9].

The nondiagonal case was considered for the first time
in [4]. In this paper, the authors considered the Hermite
Sobolev—type polynomials, orthogonal with respect to (3)
with A a 2 X 2 symetric matrix, do = e “dyand ¢ = 0,
studying the asymptotic behaviour of such polynomials.

The Laguerre Sobolev—type polynomials, for k = 2, A a
nondiagonal matrix, and do = x%e™*, @ > —1, were studied
in [10], where the authors studied the outer relative asymp-
totics with respect to the standard Laguerre polynomials,
as well as an analog of the Mehler-Heine formula for the
rescaled polynomials, and in [11], where the second order
differential equation that these polynomials satisfy was de-
duced.

Finally, the study of the Jacobi Sobolev—type polynomi-
als, orthogonal with respect to (3) where A is a 2 X 2 symetric
and nondiagonal matrix, do- = (1 — x)%(1 + x)’dxand c = 1,
started in [8]. There, the authors obtained a connection for-
mula that relates the Jacobi Sobolev—type polynomials with
some family of Jacobi polynomials, as well as the holonom-
ic equation that they satisfy. In this contribution, we extend
this analysis in order to find their asymptotic behavior. The
structure of the manuscript is as follows. Section 2 is devoted
to some preliminary results regarding basic theory of classi-
cal orthogonal polynomials. In Section 3, we present some
of the results obtained in [8], as well as some new proper-
ties regarding the zeros of Jacobi Sobolev—type polynomials.
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22n+n+ﬁ+1r(n+a-+ ])[‘{n +ﬁ+ l}r(n +a +ﬁ+ I)ﬂ!
Qn+a+B+ )T Cn+a+p+1))
for n,m > 0, where do(x) = (1 — x)“(1 + @)dx, @ > —1 and 8 > —1. We will denote the corresponding inner product by (-, ) o g

|
f PP () =
-1

nms

The following Proposition summarizes some well known properties (see [6], [7] and [18]) of Jacobi polynomials.

Proposition 2. Let {Pﬁ“S lu=0 be the sequence of Jacobi monic polynomials.

1. Foreveryn e N,

xPP(x) = P22 (x) + B2 PP () + 43P P22 (), (10)
with
b £—v
" Ru+a+B)2n+2+a+p)’
y“’g = dnn+a)(n+B)(n+a+p)

Cn+a+B-1)C2n+a+pPRn+a+p+1)’

PP(x) =1 P™(x) = —Q_JB )
o (x)=1,and P, (x) x+a+,ﬁ+2
2. Foreveryn € N,

(1-2)(Prf) = an? P ) + bP Prf () + e Ps (), (11)
where
af = -,
b:"s . 2(@-B)nh+a+B+1) .
2n+a+B)2n+2+a+p)
c;fﬁ - dnn+a)n+Bn+a+pB)n+a+p+1) .
Cn+a+B-1)Cn+a+BlC2n+a+B+1)
3. For every n € N, there exists a sequence of real numbers {A,},-¢ such that P:f“s(x) satisfies the second order linear
differential equation
P+ Yapx)y = 47y (12)

with ¢(x) = 1 = x2, Yap(X)=—(@+B+2)x+B-a andﬁﬁf‘ﬁ =-nh+1+a+p).
4. Foreveryn € N,
(PP ) = nPT P ). (13)

n—

5. Foreveryn € N,

vB, N _ patl By 2n(n + B) +B
P @) = Py () (2n+a+ﬁ)(2n+a+ﬂ+l)P:‘1 2 (1%

6. Foreveryn e N,

v fi
Ko 1) = A P20y, with = 22O (15)
|7
af
7. Foreveryn e N,
By _Aapln+ta+Dl(n+a+pB+1)
Py =2 Tla+ DICn+a+B+1) (16)
B 1y_ (ol +B+ ) (n+a+B+1)
PrD=2) FB+DrRn+a+B+1) {17
8. Foreveryn e M,
|P‘,f*8(x)‘|2 :22u+a+ﬁ+1r(n+a+1)F(n+ﬁ+l)F(n+a-{;ﬂ+l)n!- (18)
o @Cn+a+B+1)TQn+a+p+1))
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9. For every x outside [-1, 1]
PRPGy e SRR~ 1) o G 1) PP

(G+ V2 + (= D)™ @an) 262 = 1718 (x4 (2 - )V2)" o

10. (The Mehler-Heine formula) Let J, be the usual Bessel function of the first kind and ?;‘E(x) = %‘%Pﬁ‘s(ﬂ.
Then

lim n—“ﬁi’:ﬁ(l i ):(5)_"4,(2) (20)

n—00 _-2n2 2

uniformly in every compact subset of the complex z-plane.

3. Jacobi Sobolev—type polynomials

Let p. g € IP. We define the following Sobolev—type inner product

|
(i) = f P~ 971 + P+ BOYAQU) 1)

where @, 8 > -1, P(x) = [p(x), p'(x)]', and

[ My A
as(% )

is a positive semidefinite matrix, with My M, > 0, and A € R. Notice that if My = 0 or M} = 0, then 1 = 0.
If we denote by { ?,,ﬁ }n=0 the family of monic polynomials orthogonal with respect to (21), then it can be shown that

Proposition 3. [8] Forn > 1,

K%Dx, 1)

n=1

Pl = PP - (BP)) @+ AR, (L, 1) A( ) ) (22)

where
KD x9%1L,10 )

K,-1(1,1 =( n-
(D=1 ko1 kliba )

It is also possible to obtain a connection formula that relates {;'5‘,:‘3},,;0 with {P:Jrz“g},,;o. Indeed,

Theorem 4. [8] Foreveryn € N,

PiP(x) = PrP(x) + Ay pPy1P(x) + BuagPi'3 (%), (23)
where
4n(n +
Anap “@Qn+a+ ,8)((2n f L T+  Cmes
By & 4n(n— D(n +B)n + B~ 1) D
' Cn+a+p)P22n+a+B+1D)2n+a+p-1) '
with
(P‘,:'“(l))' I+AK, (1, )) ' TQn+a+BA ( L
Cip 2B (e + D)L (n + f)(n - 2)! ( e )
(P‘;ﬁ(l))* I+ AK, 1(1,1)'T@n+a+B- 1A |
Drep = e T @ DFit = D=2+ a + B) ( — D )



534 REV. ACAD. COLOMB. CIENC.: VOLUMEN XXXIV, NUMERO 133-DICIEMBRE DE 2010

4. Asymptotics of the Jacobi Sobolev—type orthogonal polynomials

In this section, we study the asymptotic behaviour of the Jacobi Sobolev-type orthogonal polynomials }_5: ‘B(x). From (19) and
(23), the following Proposition is straightforward.

Proposition 5. For every x outside of [-1, 1],

) = H (x+ 62— 1)”2)2 e (x+ (2= D'2) + Byag| X

22 -2\ Fn+a+B+1)
IrCn+a+B-1)

(6 = 1)@ D2 (x4 1) PRE2 - 174 Q2an) 2 (x + (2 - 1)'2)

(G 1)1 4+ (x = 1)12)7

n-3/2

In order to obtain the outer relative asymptotics, we will start by finding explicit expressions for K ,_(1, 1), Kfﬂ:}(l, 1) and
1,1)
K a.q).
Using (15), we get
Mn+a+DIn+a+B+1)
204841 (@ + DN+ 2)I(n+ B)(n— 1)1

K,(1L,1) =

On the other hand, from (6),

KOV = ——— (P8 (P2f) (1) - PAy (P28)” (1)
2|z,
|
= ——— (P (- DPI(1)
2 ;( | 2

- PR - 1)n- 2Py %())
Fn+a+1DI'(n+a+L+2)
204B42T (n + B) (n — 2)'T(e + DI (@ + 3)
(n+a+p+1)n-1)

- 2a+2) Ko (1, 1),

and, from (7), we get

KD, = —————x (e () m+3 () 0 (7))

31 ||

n-1

‘afﬂ
(Freay (P2)” @+ 3(P%) o (P2)7)
[n+a+1)(n+a+pB+2) <

3. 200849 (a + DI + 3)(n = 2)'T (n + B) 2n + a + B)

n=2)n+a+B+2nnr+a+B+3)—(n-3)n+a+p)]

[ (a+3)

N 3nn+a+pP)[n—Dn+a++2)—-(n-2)n+a+pB+1)]
(@+1)

o I'n+a+ 1DI'(n+a+pB+2)k

203 (a + )T (@ + H)(n—2)T (n+ )’
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where ko = (—3(1' — B+ 2na + 2nf — a* — af + na* + n’a + 2n* + naf - 2). Thus,

1.1) _ (H+G+ﬁ+1)(n—l)k0
K1) = 4(a + D(a + 2) (@ + 3)

Ky-1(1,1).

Therefore, if we define

m+a+p+1)n-1)
2a +2) ’
ko

2@+ D(a+3)

kb =

then we get
Proposition 6. Foreveryn € I,

I'h+a+ DI'n+a+B+1)

Ko, 1) = 2041 (@ + D@ + 2)(n + B)(n — 1)’

(24)

KOV, 1) = kK, (1, 1), (25)
KD(1,1) = kK, 1 (1, 1), (26)

Notice that, when n — oo,

n2

k=~ aTD) (27)
(@ +2)n?

2@+ Da+3)

10 + My A\ K,(1,1)  kK,(1,1)
0 1 i M \kK,(1.1) khkK,(1,1))°
—l 0 My, A\(1 &k
- [ARTIRY) 0 :
K"—'“‘”( 0 Kﬂ_llﬂ,“)+K"—'“’”(4 Ml)(kl klkz)‘

Kaan(y ).

Y = o (]])+M0+/U{|,

Y, = (MO + Aky )k,

Y3=A+ M|k1, (29)
Yo = = “ 5 + (A + Miky)ki,

ks (28)

On the other hand,

I+AK, (1,1)

with

and thus

_ n 1(1 l) Y4 _Y2
(I +AK, (1, 1) m( Y3 Yl)’

Also,
L+ AK, (1, 1)

(K1 (1, D)) 228 = (K1 (1, D)) kaky A% = (K1 (1, 1)) MM K
(K-1(1, 1))> MoMykoky + 2K,y (1, D)k + MKy K,y (1, Dk,
MyK,_1(1,1) + 1.

-+
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We have two possible situations. First, if |A] # 0,
[+ AK,_1(1, 1)

13

(K1 (1, 1)) 206 = (Kuer (1, 1) ok 22
— (K1 (1, 1) MM + (K1 (1, 1)) MoMi oy
= (Kur(1, DY (JAl kik: — Al &)

A n’? n? g
= |A] Na+2) @+ @+ 2)a+3) (K1 (1, ).

On the other hand, if [&] = 0, M| # 0,
[+ AK,-1(1,1)] = 2K,-1(1, 1)Ak; + Mik1ka K, (1, 1)
+ MK, (1, 1)+ 1,
and, as a consequence,
[+ AK,1(1,1)] = MkkK,(l,1).
Thus, we get

Proposition 7.
(i) If|A| #0,
n' Al
2a + D(a+2)%(a +3)

I+ AK,-i(1, 1) = (Ku1(1, 1)) (30)

(ii) If|Al =0, M, # 0,
Min*K,1(1,1)

R A (L = s D+ 3)

(€29

Now, using the expressions obtained above, we proceed to estimate the asymptotics for the coefficients of the connection
formula, 4, , g and B, , 5. We have

1
(Pay (P () )( 3 )( " ) ke )

2{a+1)

= ,:,1_1 [(Pf,"ﬁ(l)n - (P::‘H)’ (1)}"3) My + (—P:ﬁ(l)}’g + (P:fﬂ)’ (1)}’,),1] "

[(Pr2Ya = (PP) (D13) A+ (P2 Y + (Pr¥) (1) My H-
Thus, using (16)

I2n+a+Bl(n+a+Dl(n+a+pB+1) %
208+ (@ + 1)L (n + B)(n - 2) L+ AK, (1, )IT@n + @+ B+ 1)

ﬁ (2( My + koky IA') 4 n(n+a+p+1) ( 1 — Ak ))

Cn.rrﬁ

Kot (L1) @) \K(LD
n+rr+£§ 1 n{n+a+f) My ]
* 3D (2 (K" Jan Al kl) Ry (K" an T |A‘|))

and using (24) and (29), for |A| # 0,
Fn+a+DI(n+a+L+1)|4k (—n2 + 2(a + ])kg)
204841 + D@ + 2)T(n + B)(n— DI+ AK,_(1, )| 2n+a+B)

Cu.(r,B =
From (27) and (30) we obtain
2% + )T (@ + 3)0(n + B)(n — 1)
In+a+Dl(n+a+B+D2n+a+p)’

Cn.(rﬁ =

and, using the fact that
I'(x) =~ V2rx 2o,
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we get Crap = —CD2%4 (@ + 2)[(a +3)

(n+p)n "X

m+a+Dn+a+p+1)

(n + ﬁ)ﬁ—lﬁn—lﬂ

(n+a+D22n+a+p)n+a+p+ 1)ebli2’

Given that
. (n+pB)n )” —20-2

1 = o

an?o((n+a+ Dn+a+prn) ¢
then,

L,
Chap = ol (32)

where

Ly = 2T (a + 2)T(a + 3).
In a similar way, we can show that there exists a constant L,

such that
Ly

— (33)

Dn,ar,{? =
with
Ly = =2""F(q + 2)I'(a + DI (@ + 3).
For |A| = 0, M, # 0, on the other hand, using an analogous
process, we can find constants

T,

Dn‘aﬁ = n3+2(r )

In other words, the value of |A] has no effect on the behavior
of the coefficients of the connection formula. As a conse-
quence

Proposition 8. We have

(1) limn—»m An.ﬂ'ﬁ = _1_0
R 1
(u) hmn—»co Bn,urﬂ =3

Now, we are ready to estimate the ratio asymptotic for
(P,"},0. Indeed,

Theorem 9. Let {P2*},y be the sequence of monic polyno-
mials orthogonal with respect to (21). Then,

Ty = 2 (q+3)(a+ D(a+2), s
atf+l 2 Py (x)
T, = =2 a+3)[(a+2)°, lim P"ﬁ()=1’
T n=—o0 ' X
such that Chap = ns_:za* uniformly on every compact subset of C ~ [—1, 1].
l Proof, Using (19) and (23) we get
P4 (x) (n+a+f+Dn+a+f+2)x—- D7 ((x+ D2+ (x- 1)1:*2)2
P2(x) - Crn+a+B+1)2n+a+B+2)
(n+a+B+1)((x+ D2+ (x - 1)”2)2 2n(n - 1))
* Anas 2n(x— 1) (x + &2 — D'72) Qran) 172
L Cnrarpenrasp-l) ((+ 112 + (= 1)'2) @rn) /2
+ na B

where x is outside [—1, 1]. Therefore, as n — oo,

4n(n - 1)(x— 1) (x + (2 = D2 Qn(n - 2))'2

() (G+ D2+ @=12) (@+ D2+ - 1))

4(x—1)

2 - 1) (x+ (2= DIR)

(G )12 + (e 1)12)]

4x = 1) (x + (x2 = 1)112)?

4(x-1)

x+(x2 -

(G4 DV2 4 (e = )12 { 2
(l 1)”2)

x -y
(x+ 2= -1)

2x—D)(x+ (2 -1z~
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