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Resu[t&:los CO!l()l}Í,<l,(.)I;; sobr-€ polinomi.o¡:; do 11e.n rmtadón con col.".fk icni,c:;; c t1 u n i:.:uerpo 
finito se extit~ndcn .i. ,i lg+ilm1.s de 1~ r.~mia L., = l{ '.X]/(p(X }"( cfonde K es un cuerpo fini to,. 
p{.X ;, E K [X] uri polinomiu irreducible1 v = 1~ 2: _ . . , / al ,í.lg+)hra de las series pot.(',ndf.).I~:$ 
L ;[ZI], do11dE:! L = l([Xj/( p()( )). Si:: +J1:::~u.:Jiru1 también an;'Í.k,.f!:o::; cfr polinomioo de DiclGo11 ,m 
c:st~ eon1.f::,: i,: ). 

Palabras chívl:! ; Polinomio de p0.rrl'1tü,11ción. polinon:io de Ditk.•;oi 1. 

Ahstract 

K11nw1 1 r1-"1:1 11lll;. on permutation pnlynnmlal¡; \vith ooeflicfonts. itt u foti t~ füikl are extended 
to a.le;ebl'á$ uf t.lm form E,, ~ K[X]/{p(X )"}, wl 111 r ~ K i~ a finite field, p(X} 'f:: f{(Xl is 
an irreducibk polpif)ru l~1 J1 r, = 1, 2, . .. , and 10 U1(\ ul'gr.~brn of pc-wer series I-~[7-Jj. [,'Jr1al!y, 
HnJ:t lo~uus of Dickoon pdy1mmis.J8 in these algcbrM w-c i;:Ludiad. 

Key wor,ls: J 'enrmtation polynomia.J, Die :kl-íl 11 1 p 11ly 110m L':l ! . 
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1. Jnt.1>othmtim1 

In th.e ~econd half of the last century, the main in­
tei;est in linHe fi.ekb, K = IF q fo(.;u~l i11 the r;tudy of 
p1?Xmut-O-tion polynolllia]s o •er thes.e fielda and the ap­
plica.tion of its result.s t-0 coding theory. During the sarué 
period of tÍll1e1 most of thc ohtaíncd rcsul t.s Wl?-1:e exc.end­
ed maiuiy to the d.a.ssiéal rings L/pmz and the Ga.lois 
rings GR(pt1~, k) (-see, for e.xample, [11], ·12]:. [13]) 1 pe.r­
mitting thus the ronstruction ofne-w cryptos.yi;i:ems v,1th 
a v1uifity of intare.sting propen;ies. In the same spirit, 
Uu.s paper exc.em.Js !>ome k11own l't)~ult;; a.hnu t perrrmh1-
Uon polyuuluütls uv1:ff fuül.e fit!lú~ iu ülle lm.ietermí11atc 
tü a1w..lof,l;OUS per.nmt.a.L.ion polyuo1rt.iah:i uver lhe al.ge l.Jra,s 
r,., = K[ Xl!(11(X)"), where p(X) E K[X] is irreducible, 
and LffZH. Sinr.r. tlm l-v .11.lgnhrn .. ~ .1.rn not. alwfl~'"S C-9-
luis ring.~ (the exoeption hBing the rlng;; Tli"r,¡X]/(X<'), 
it seerus to us that apparently we are stepping; intn a 
new nice- fie)d of research, v,ith event.ual applkations to 
cod iug; theory. 

'l'he preserit. paper is st.rnctured !i.<;i folkrw"5: In t he sec~ 
ond section we estahl.i!ih the nec~ll.l'.Y b~ic ddl nitions 
aud 1·eaults. ueeclecl for a better 11ncien;tanding of wha.t 
follows, In thc thii-d scx:.tlon, vre den.u.e permut,ation poly­
nomirus o,,.cr L1, an.d L[[Z]], and exumcl to t.h~:i~ algebn1 .. ~ 
nou.]ogucs of wdl known gen.eral rcsull:d about -pemmtn­
ti on polynomiols ovcr nnitc ficlds. In t-hc fourth aectlort. 
·we f'X..1úllinc cloooly tho ¡mo.logucs of Dickson polynoml­
aIB lu t.hiB new 1.:1ettiug. 

2. P re]imin3ries 

Let K be a ñdd v..:ith 'l. d~mnnts and 1-at. v{X} E K[X] 
be a monic a.nd irreducible polynonúal of dogrcc d. "\Va 
know that the quotient L = K 1XJ/(p{X)) ís a füútc fidd 
containin_g K, chus a finite excension L/K of dcgroc d. 
:.\·foreover, L,, = I([ X]/ (p{ X y·), IJ > 1, is an L-al.gebra 
witb ql'd elements, which we wm denote by a{z,,) .. More 
precisely, 

L,, - {u(z'-') = rio + n:_z., - . .. - o,... 1 z~-l: ni EL-, 

i = O: 1, . . . , v -1} , 

wh~n:! zt'. = O j f .i ~ 1, am.1 frll' 'i = O, 1, .. . , v - l, the 
ele.n enls z~, forman 1,-h~s of L., (:,;1:1e [2]., [10]). 

From nmi.• nn , in order t.o simpnfy the noLaLiou, we 
:l..'si,mmf1 that. L h,1s (] dr1mrmts, Srl t!?/li L., wm have. (/' 
elemeutB. 

The foJlowing definitions a.na facts may be foun.d in 
[2] , 

U µ and 1.1 are positive ínte.gers and µ ~ ¡., : the map­
pi ne 7r ~ , r, : L-v ----* L" c!enned by o-{ z¡,) ~ et(;.\,) ., ís 
íiTI ,~pimoq)h i,o:m of f..-t1.le,'ebn :.s, c~iled the projeciion of 
L., m11·0 r.f,I" Tf f,,.(t) is ~1. JJoiy1 1orniHl ill Lv[f] tlien, 

~,.,,,(!,, (t)) = J~.(t) 

is t.he polynomi.al in L·., [t] who.-,e ooeffidents are the 
cln.'IHet. moduJo (p(X)~) of t he •ooefficient¡;¡ of J,(t). 

If a:(z,,) e L., is a z.cro of f.,(t), and µ $ 1, , we ai-1y 
t,hat, o:( zv) iR a d.f:30C'ndant of c:t{z1,), or that o:{ Zµ} is an 
a11r.:rnd«nt uf a(z1,), .if-;r11 ,v{a:(z¡.,)) = o{z,,). In thiB C..'l.'lC 

w~ d i:'-t.w-l.~· l!ti'1'tl _fµ{a(zµ, }) = O. 

A z.ero ct(zl!) E L¡. of fµ, fo said to be non .~ing1ilar 
( or r:e_qulm1 if 

df1 (ío1,r- (u(z1, ))) ~ O 
dt 1 • • 

Oth.:rw:íw it. -¡f, r;Aid 1:o h~ ,9t.t!fp1,fo,1•. Th~ followir1r; foct. 
is madily f,C(',n: m.,m:r i1C'srenr1Ant ( fl.<;1Y:nd1wl;) of n. non 

singular zcro i1> a. n.on .singnJnr Rr.ro. 

The set of all formal power series L ([ ZJ: 
oc 

i=O 

eq ípped witb the usual operaHons i":l an L- .i.lgebra., 
called the a.l9ebra of formal power series in one inde­
t.crminaL-c ovcr t.he linit~ field L. AE. a ring, L[Zl] i1:1 

a discrew focal 1-ing with nw,.;,;írnal ideul (Z) . Adw<lly, 
L[[Z]] is the projective timit ol' thc projocth·c $y 1:.tclll oi' 
f. - !!.l r,f:';hms ( L!,, ( 1r ~ , i--- ) _r,:S 1, ¡ íf \\<'€ define the canonk.al 
prnjcc l.ion:; -..:-j,' : T[[Z]] ----* L1, hy 

00 

A(Z) = }__= --\¡Zi ,_ , .\{.t11 ), 

•=Ú· 

wb:oro 
'{ ) \ \ • ,\ '..! \ v-1 
,, Z¡, = , O -1 , ,1Z-v + 2<\~ + -· · + J\¡,-l"\, • 

Let us remark fn passtm th.at each 1r,, is an e-¡:,ímorphism. 
of L--algebras. J,.foreover, L ll Z] 1 / ( Z") - L,,. Thls s:iid, íf 
f(t) is a polynomial with ooe-.fficients in L[[Z]], its rcduo­
tion f "(t) modulo (Z-v) is th.e po]ynomí.:d in L,, [t] whru;.c 
ooefficients-are the claases :modulo (Z") of the coeffi­
dents of f(t). Clearly, if !) ~ µ then --~••'' (f,,(t)) ---= /µ.(t). 
The a.hove shows that (l-,,,r.µ,,,),,~µ is a projccti.vc sys-­
t-11m whose limit L<:i Ll[Z]J. 

=-x:: 
Also, i t is well knov,m t.hat E{Z} ... I: F. , Z' ís a 1mi t 

•,=C, 

in L [[ Z]] if, and only if, eo /- íl. Moreover each .\{ Z) -:j:. O 
may he v.Tít.ten as ,\(Z) = ~(7.)Z"( 4}, whE>Je s(Z) is B, 

1mit amf v(.\) 2: O. Th11:~, ,\(7.) is fl llnit H v(J,) = U, and 
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conversely. The rna.1>p i11g onto l O, 1, .. -} U { oo} dclin~r! 
by .\(Z) 1--------c' v(>..) if A(Z ) =/- O a.nd v(O) = ·::xi í¡; ti. dls­
Cl'ete valul:l.ti-on, which induces a pselidomet,dc ou L[[Z]] . 
In t.his sctt ing, 

Hrrth.er , 

k 

hm '.\;Zi. = ..\(Z) . 
k - ~ooL..,,,; 

1=U 

(,\(z) ' " + .~ .. "' ?"k- 1] ,..,,( ) -¡¡-·¡, ) = '-'O c J <,¡, - • • • -. <e;.,-1~¡., '"•' 

which equnls O íf v:{ ,\) ~ v, and e,1.1 urua 

-!::(J. + 8 17-¡; + • • • + S,., 1 Z~(),)+k- l 

(1) 

if v(.\) < 1; a.nd v = k+v(,\}. lrq mrticuhrr, 1r1 (.\(Z)) = O 
if ).( Z) is not a unit. In ~urn. this implica thD,t if t he 
leading coeffic:ifürt, of the polynomio.l /(t) E L [[Z]] [t] of 
degree m is not a unit, tiren J, (t) hM degree < m. To 
avold this incom'cnicnoc, frmn nnw on we t:H11Jµu~ t.lmL 
the lending coefficie,nts of l:l]l t.J:ie µul_)•uumiu.ls / ( l-) a.re 
units. 

Tirn foUowíng ~wo l'e;;ult.s ma3' be fouml i.n [6, DP, 33, 
1.t3]; 

Le1mna 2,1, L-<l f{t) i;;; L[[Z] ][-t]. Tbcn tbc cqrn1-

tion f ( t) = O fJll!i ~ wlu t.fon iu L [[ Z]] if; and only i"f, 
tfa: eq~atiorai / 1,{t) = O hiwo sofotiozw in Lv fnr aach 
V~ l. 0 

Lemm.a 2.2. Let o:{Z) = ao -l- 0 ·1Z + · · · be, a 

1mit, and rn a j-XJ'8Ítive integer not divi<;ih1c b;y p (the 
c-.luu·,1cteristic of L). Then o:0 lias e,1¡ m - th root in L 
if, and 0.I1ly JJ, tl1ere exis t --r( Z} f: L [[ Z]1 siich tJ1a.t 

~~m=~~- O 
11 -] 

If T ( z,,) = L T,z!, E L-µ Jet us define 
i=.O 

v-2 

,:;--(..,.· ) - ~ ""-,• ~ L 
1 . .i;.c,., _ - ~ r¡¡.--v ..._ lJ " 

~=0 

Thi..s notMfon ~na blm us to st.a.te tlle following v-ersion 
of T(l.yl.or's formula., proved iu [2 , PI·oposition '.L~]: 

Lemma :.!.3. ff f(t) i~ a ¡mlynmnfal iJ•ith coefflcie11ts 
i11 L J Zj], t.1,en for rA,.ch u = 2, :\ . . . we lrn. ve 

J..,(r(z,,)) = f.,(f(z.,)) + T,.,-1f: (f(x,,))z;- 1. (2 ) 

□ 

1t:1lu~ Uw,L z;,1 = O if n 2:: l.), Thus (2) becom.e:s 

f ,., (r( z.,}} = f ,, (r(z.v) ) ' 7j,-1Xo.t;:'."- 1 -

3 . B~.ic results 

(3) 

A polynomial j (t ) O'\o""er L[[ZJ] is sa,icl to be a per1rm• 
tation poly-runnial i! t.he ossocia.ted pol:ynomial fünction 

f '. L[[ .:1]] -----! L[[ ZI l 
o:(.:C) f------l J(o:(Z)) ' 

is a. bijective fum::üon. Similarly, t1- poly nomfo.l f v(t} E 

L., :t] , fo.r 11 = 1. 2, 3, . . . .is ~aid to be a ¡}erm11 t ~tíon 
JHlJyrmwial jf U1e 1:1::füodal.ed polynomi o11 fonct.ion from 
L ., iHkl L v IB a l>i_jocli ve functim1 .. 

Thr nm:t. propooition is cruda! in our purpose to e.x­
tr.nd 1."llown rei:mlts of permutation ).}Olynorn:Ws ovt>.r fi.. 
u· te Jlelds to permutation po}'.vnomi11.ls ov~1 tlle alge-brns 
L.,. 

Proposition 3.1. Let J(O E L[[Z]] [t]. Tl!en lit, 
pcrmu te, L1-1 if. /jml mily if, I 1 (l) µermu l:c.s TJ illld the 

í'it'IO of Ji ~t) in L ili .uun si.agufor. 

I'r-oof If f~ (t) pe;rmut,e:i Lv • ,hen J1,.(t) vermu La;. Lt; 

for all J.6 ::S 11 , fndeeil 1 íf o:(z1i) = ao + a:1~u + · · • + 
a:11 _ ¡ z.t-1 E Lµ 1 t,he.n u( .. -✓, ¡,, ) = uo + a1.zv - • • • T 

ú:µ.-1 z~- 1 E L u . Sincc, by hypoUH:~i'), f 11( t) µe.rmlll..ffi 

L,, there is .5(zv) E L,., such tltilt /v(.6(zr,)} -=- u{.or,-), H 
is now cleor tlmt 1r1,,uU',,(b'(z11})) = J¡,(:3(z1,)) = a{ Z,u), 

w hicb shows tha.t t.hc })Olynomii:11 functfon induc.:tliJ i\J.)· 

f,,.(t} 011 L µ. is ont-0 and thus a bijec..1.íou,. tú.nce e&:!i L·# 
í.8 ftnite. In particular Ji (t) verrn.ut.e.ai L. Nuw, Lll:!irl.J!, (J)f 
we obtain for n.i + n z~ e l.,-1. 

h (To + T1 z2) = J1{TO) -1· ·1 i:t1JZ~ } 

, ond putting 

we obtalu 

h(ro I T¡ z 2) = ¡{) + f'n + , :;to)z:¡. 

Thu;; : for a given c.ru + c.1·1z2 , the equaJion 

.fo ( 70 + T¡ z ¡:) '"""ªo+ c.i~ (4} 

is salvable if) and onl;r il', ~tú = (lo a.nd 1'1 1- T1 XD - 0'1 .. 

Since by hy poUiecÍl:I each .fv{t) is a permutntion polyn.o­
miaJ, ( 4) is al way¡,¡ t:1olvable. In part-icu1a.r , if ~o = O t hen 
f1 (To)= O has a unique solutío:r1 re,. Now, if :i.::o = O, i.e., 
f í( ro } = O, and s ince • 

(5) 
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this yicl<ls ··n = oi1 . But i;hen (5) has exacHy q solu­
lio1is, w hich is no the case since fz ( t) is a permuta.tion 
polyw;imW. 'l'herefore Tu is non singular. 

Convm":",ely, lct. J(t) E L [t] nnd suppooo tha,t j 1 (t) :iB a 
p,r·xmut.i..tion polynon:ü.al whoce zero ÍE non l:i:ingubr. l1/e 
Bhow next tbat h ( t) permut.e3 the elemeuts of L2, For 
thia oonsider a given o:0 + ~ 1 z:i: '= L2• Since~ by hnmt.hc­
ais, f¡ (t) is a. pernmt-n.tion polyuomia.l, there is a unique 
To E=. L such t.hat. /1(,r:,) - o:¡; , .Far tbis Tu consider the 
cquatío:o 

wht>..re h (-ro} = 70 + 71 zz. IL io cloo.r thut. in t.his ~it.m1t.iu11 
1·0 1:1.1.nl 1·1 file l.'Omplet.ely <lel..ll.!.·mi111:nl l.J_y TQ. Frum {fi) we 
0Lt,llill1 1o = U'-0 an<l. 

(7) 

lf í:lo = O, the.11 Ji (TO) = O hoo a solutfon nnd Jí(To) = 
:to ,fe- (), bcc&usc of thc hypothcsis m.ade 011 Ji (t). So 
71 = (a1 - ;i)/Xo, is uniq_ucly dctcrminoo. If ar; f. O 
1md xo -::f:. O, from { 7) wc agai:n obtmn í 1 = ( a , --:,, ) /Xn­
And, final]J,•, if Xn· = O V,'C :.Jee tha.t 1'7 =o, . Coru:;r,cp1ent­
ly, t.te polynomíal fnnction indm~l hy h ( t) iB an ontn 
IU~p plu.g, ~.nd bO Lhio µuly nurn.ia. IJ1:l.nrml..t!l:i L2. ,v¡,j nuw 
µrocet!tl L}' iml udirn1 on ¡,, . Let. 

be g:ivcn. Sine-e by hypothcsfa f ,.,_ 1 ( t) permutes thc clc­
mcnts of L., _, , t he cq_ untion 

f.,-1(t) = 0:0 + 0:1Z.,-1 + · · • + 0:,,- 2Z~= i 

llas a uni.que sO:lmion 

'l'Mu 'laylur's fun11ula WY~ 

(8) 

whC'!rC'! r,, _1 ii:: to he c'IC'!tnrmhloo. If now wc put, 

J1,e,1{Z11)} ""' '}O+ ':f! Z¡, + ''' + ')'1, - 2:Z~- 2 + ~!r,- 1<-l, 

fórmula. (8) bc,::iomes 

Now all ~¡1, 1. = rJ, .. . ,. 11 - 1; dnp<1ml only 011 the ri , 
j = 1, . .. ; v - 2, whkh ha.~ b~(~n c-Jet.ermiur-!d lrnforP.­
h.mrl, so al] of thr-!m ,1.If! knm,.,·u q11 anti.t.iffi. C:on;,;eq nc~ntly 

tbe equation 

J'c,('7(1 1 • 7"1 Zv + ' ' ' + 7•,-l .zi-l) = 

Ou + 0:1 Z,, + · · · - av-:.!Z~- 2 - (l,,_¡zt - l 

has a wlution if, aud only if, 7, - <Xi fol' i - 1, . . . , J; - :2 
aud the lim.w cquatio:u in L 

(9) 

ha-1'1 a ¡¡olut.ion. If xo = O, we u11H1t h~ve 7,,-1 - ll'v- 1, 

:,;o tL.e equatio.n (9) is solvublc . If \'.o =/=- U, t hcn "i,-l = 
-( Ct¡,- l - 7,, _ 1) /Y.o, and o.ga.in ( !J) is soh'Ublc-

P:roposition 3.2. T,ct J(t) E L[fZj ]lt]. Tben f(t} 
pcrmu tes L-1[ Z]1 i~ a.rH.-1. m1ly if, ft ( t) i'l a pen:i:iutation 
polyn.om.inl 8.:nd its Zl" .. .rn in. L Í.'i 11011 singular. 

Aoo/ 8upp060 th.o.t J('t) is a l)()l'mut . .,ltion polynomi-
cl. Givcn a(.;,)= ao t- a1Z;,, + crlzi t-. -- + o·,,-i z-i - \ 
11 ~ 1, then 

a(Z),,,; ero .L. ll1Z + C.:?.Zª + , .. + a·,,_ 1 z,,-l E. L [[z:1 

i8 such t h.at. ,r,,(a(Z)) = a(z·,,). Since /(t) is a permu­
tation polynomia l there exisus T ( Z) f::: [, [[ Z[ su di t,hat 
f(r(Z) ) = o;(Z). This implies thi!t.t, for aJI v , the equa­
tion f,,(t) = n:(z,,) h~s:i t.h!-i ,iolutíon T(z,,), Le. the poly-
1:l:OUlín.1 functian inducc.d by f,, (t) is 0.1100. Sincc L., is 
:!lnitc, this polynomiol function is o. bijcction. By Propo­
sitfon 3.J., / 1 (t) i5 a pcrmutation polynorn'al wbo:ie z~...ro 
if.:, non sing11L-u-. 

Cum·et~ly1 lut J(l) E L[[Z:J [( ~nd supposc that /1 (t) 
ii; i~ µermutat.ion polynomiaJ ·w·hosc zcro is non singular, 
and considc,r tbc cquati.on 

Q<.;> 

/(t} = cr(Zl = I::· et·.1Zi. (1G) 
t-=-0 

By Propnsítíon 3.1, ead1 f, ,(t} b llfr1N a permutation 
:µulynon:ütU, Ho tJ.ie equat.iolIB {µ ~ 1) Jr.i (t} = a(z.J.•} hove 
all of them unique solu tions 

T(,.:y) = Í(I + TJ.Zv -t • • • + ív-1zi-1 

dq;CX'..nding frnm th<:: p rocoding one:-;. By Lcmma 2 . .1 1 (10') 
h~ tbc ~ol 11t-ion 

1'(Z) = lím (fo + 7'] Z + .. · + 1'¡..,-lz .. - t) . 
;,-. :JO 

On tlle other hand, if f ( e,:( Z)) = f (8( Z) J th1:.>-n 
J.,(a(z,,)) = f.,(/3(z,,)), 11 -~ 1, but f., is a pennut~ 
tion pol}11omial, then ü(z,,) = /3(z,, ) for ali v, t hen, 
a(Z) = ,B(Z) □ 

Proposi'tion a.a. [1, Prop. r.lA] Tf u 2: 2, thrm thfJ 
polynmu ia1 f ,.,( t) = t1· E L., [t] is ;¡, pr,rimrt,atfr:m po1yrio-­
m ial if, ,mri onTy íf, k = ·i. 
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Proof. Let us see that if k > l, thf'JI the number of 
zeroes of f.,{t) = & is biwr that 1, so ít crumo~ be a 
permutation polynomia.L Clenrly f{O) = O. If we evalu­
aite / 1, at .\( Z;:,) = .. ~-l we obt~ in .\ ( Zi,) k = ;;;1~(1.•-l) whi.d1 
11.> rmll :if, and (.liily if, k(µ -1) ?:: ,,,, i.e., if k ~ ,,~1 > l. 
lf thin i1:1 t.he ~, fu(t) = t!..· <~'i>Il not he a permut~ 
t.ÍOil µulynor 1ial. Ü.Jnven;dy, . .\(z., /" ~ O if, aud only íf, 
k(i,, - l} ::; (1,, - 1), ie., if k ~ l, ur e4uivaleatly , if 
k - l. Fint1l1y, it is d car that /i,{l) = t is.-~ penmu,Miuu 
wlynomial. • □ 

Cmoll::iry. f(t) = t k E l ,['Z}][t] ís a pe.rmutatior1 
polynarnfa.1 ff; a.nri onj_:,v H; k = 1. n 

Lec. us coru:;ider now the polynornial 

(11) 

If o:(Z) m1d fJ(Z ) are not. units, ~ ~ tlm, 1-o:(Z) f- O, 
and Clu = O., .du = Ü; w that f1(t) = tp''_ Ufing tbe above 
c:ornllary, Ji (t) i'> a pt•,.rmut.atim1 polynornial if, ami onl_y 
if 

' 
j(t) = t(l - a(Z)) + /-J(Z) , 

w}úd1 i1:1 imleed a p~,unut,:-i,tíon pnlyuorrli(tl. N ext if a( Z) 
i5 a uoit nnd /3n = O, thcn J, (t} = tP' . a:0t nnd o:0 '1- O. 
If p < p"+1 < q, this :polynomíal is a. pcrmutotion poly­
nCTmfo.l if, "nd orlly if, ~ is not o.. (pi' 1) r,h powcr in 
L (F.,001 e.g., [J, Proposit ion 2.6]) . But using Lcmma 2.2-
aml tl.u,. fact. that the •rharactedi:,t.ic p of L doro not di­
víde ¡,,.. -1, we ~ that, Ct ( Z) is not t he (p" -1) th powcr o·· 
a.n t>lem~,nt, ín L[ .Z ]l . Thus = h,'lYe provcd tbc foBowin.g 

P ropo~ition 3.4. H f} ( Z) 1s 110t a 1Hl.Ít_, t.hen d2e 
polyJJomial (11) js a pennut,atfo1J poly1w1rifo.l if, <MJJ ou­
ly if, a( Z) is not <l un.U and r = O, or a{ Z) i.s a. imif. 
wiucb is not 4 (pr - l}th powcr (p < pr+l ~ q) oí' some 
elew!;'nt of L [[.ZJ::- O 

T.he previous proposition gi.ves neoossiny and suf­
fident conditions to determine when the polynomial 
tP ... - a(Z)l F L'.[ZJJ!tr is a pel'mul:.a.tion polynomi::J. A 
suffidfmt em1dit.iou to dedde if ( 11) it. a pemmtat.ion 
¡m!y11om.i:tl \\•bt>,u /3{ Z) it> a tmit., b !;t.a.ted in t.he nID..1: 
mmllary. 

Corollo.ry. If (',-- - t.:( Z) t e L [: Z]] h a pcrmut~-lfon 
polynomW ~-ud fJ(Z) brn uuil 1 tlJc1r tho polynomfol (11} 
is a pcrmu tation po~vnomfol . 

f'rnof. lf tP'' -o:(Z)t is a pt!Imutatíon polynomíal the.n 
tr~ - oot is a permutation polynornial and by Proposi­
tion 2.4 in [l]. tl'" - not + f3o is a ))etniutatíon poJymi• 
mia.J. Moreover it. is clear c.hat its z.ero .is non s.inglll1:u-. 

Therefore the polynomial (11), by propmition 3.2, is ij 

perm u tation po]ynomfaL :i 

LP.lll nll-l 3.4. lf J ( t} ~ L [[ Zj ] [t] 1s a pe.nmi taticm poly­
nomfo.l and ",t(Z) E r.[[.7.]] is nota unit, the.n f (t)-l-1·( Z) 
is ;l. p0rmu tatio11 pofy7Jnmfo.1. n 

In the pr eviol..ll> Iemma t.he hy'j1ot.he~b that 7(Z} js a 
not unit i.s necessary since otherwi~e we can find per. 
muta.tíon polynomia1s f(t) sucb t.hat f(t) + -y(Z) is not 
a permutation polynomW. For ~xampl@, the polynomi­
al f(t) = t5 + 2 E F:i[ [Z]] Í5 a pennutation polynomial 
but thc polynomí.al f(t) - 1 = t5 h(Z) = 1) i !:l not a 
pcrmuto.t ion ¡)olynomial (corollru-y to propo9lt.ion 3.3). 

If f(t) E L[[Z: ] [t: is ~ pe-nnutation polynomia.l, let us 
c.:umiJer Uie µulyrtomia.1 : 

y(t ) - cr.(Z)f(t + ;'9r Z)) + 7(Z) E= Ll[Z]] , (12) 

-whcrc o(Z) lB t\ unit ond --r{Z} i~ uot ti rnllt.. Siuee 
f(t) is n pcrmutntion polynomíal, Ji (t) ia tilso a pcr­
mutatíon polynomial whooc zcro is non singular. Thcm. 
forc, by f'ropOl!:,iGion 2.4 in [ l ~. _Q 1 (t) = tto.h ( t + .Bo} is 
a pcrmutatíon polynominl. Now,. if g1(-ro) = (}, thcn 
C4JÍi (rn 1 .3o) = O, Le., -¡o f f3o is o. zcro of fI(t) . Ir 
gt(-rr:i) = O, thcn f¡(-r0 1 ;Jo)= O but thía ís a cont.radic­
tion síncc f(t} fa o pcrmutot-ion polynomml. Thcrcforc 
Tn iB non 5tngul.ir :acro of !]1 , Thcn Proposition 3.2 nnd 
lemnrn. 3.4 yidd tlw.t g{t) if.i a permut,n.tiori polynomi.:u. 
Tfa1~ w~ b;i.ve proveo the following 

Proposi:tion 3.5. 1f J(t) E Li[ZH[tl fa a pemmta-­
tion pol;-'I101n:ial1 a·( Z) 1s a. uni t, 1md •1 ( Z) is not a unit 
fo L[[Z]], (.b<.m l:lrn po{yJJOmfal (12) is a permutaJ-fon 
polyuomial. C 

The toUowing proposition ger1ernliz@ resu.lts stated in 
[l] and [8 pp 362, 390]. 

PropaHition 3.6. Let L / K be ,'.in <~xtem;ion of degree 
m .md considcr thc polynomial 

m-l 

J(t} = L ~¡{Z)t2, E L[[Z]] t], 
j = U 

where a-0(Z) E L[[Z]] is a. unit. Tben 

a..) f{t) fa a pe.rn-nitation polynamfal jf, and ónly if1 

O is ifa only Zé!O in L[[Z]l. 
b} If J(t) is a permut.<ttion polpwmial t.ben 

det(o:jL11 (z;,) -1 O. Furt.Jwnnarc ifdct(o:~_11) t= 
O ,vhfrf", 1:,j = O, 1, ... , m. - l, then f (t) is a 
Pt'.!l"Ill 11 tatfrm p,J.1y110mi1il. 
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c.:} lf .f(l) E; K [l) lfom .((l) b ~ pemml&.lion JJúLr~ 
nornüJ fa L[[Z]] if, aw.t only if, 

Prnof. a) If f(t ) is a pt>,nrmtat.ion polynomial. and 
sinoo f(D) = O, it is clear t.hat O is its unique zero in 
Ll[ Z ]]. Conversely, suppa5e that O is the only 2iero of 
f(t) in L[[Z]]. Then f, {t) has t as a factor. I\foreove.r, 
since Jf (t) = o:0 i=- O all it.5 zemt:G will be then non sin­
guhrr. Suppose now that To =fe O is another non singular 
zero of /i (t) in L,. Tb~ pronf of the. ..,ufficí!'llfY in the 
proposit.ion 3.2 gh!l! m,; an 1if161m1tmt to cond ude tbe •!IT 

i.<,1tmc:e of T( Z) f. O iu Lí[ Z] !luch t.ruit, "1 Cr ( Z)) = Tu 
and j(T(Z)) = o, whicll is a contrndicLion .. 'fhen by 
propositio11 2.5 of [l]., 11 (t) is a permutation pol_¡rnomial 
and since its 11ruque zero is non siugular. so f(t) is a 
pennutation polynomiaJ. 

l,) If / (t) Ít:i a. ¡:,en uuLt1tiuu µuly numial Luen Ii (l) it:1 

~li!II tl) J)t![IllUL,1:1,Liuu !JUl.)'IlUlllittl, which m.nuu11t& Gu l:ic1_Y 

thnt. dct.(rl·~~JI) '# O, 0, j = O, 1, ___ , m) h~a.nm flf itr.m 

(4) in [7]; theref.ore det(ai'-J1(Z)) f O. Furt.h~rnnt:i, if 
j . 

det(u:ji ¡¡) .fo O t,hen J1U) 1.'l pt:>,r11mtiat.ion µolynm rúal, 
ami again hr.rA1100 of itRJm ( 4) in [7]; its: ~P-ro ir; mm !=:Ín­
gnlar. Thereforn, J ( t) is a pennutatiou µolynomial. □ 

e) If J(t) permut.es L[[Z]] then fi (t) permute~ L (and 
its z:.ero iB non singular)., then by itera (4) in [7] we llave 
tbs conclusion. Conversely, U 

then, f1 (t) is a pernmtat.ion polynomial [7J. :}.fo;eover, 
since Íi ( t) = o 0 i- O its unique zero ( = O) is non singu­
lar, imd thus f (t) E L[[Z] ][t] is a permutation polyno­
mial, by proposition 3.2. 

Proposition 3, r. Lct q be odd m1d f (t) = t(tt l}/2 1 
a(Z)l + ,,3(Z) - L[[Zj] [tj, o:(Z) n unit and ¡J(Z) not a 
unit. Thcn f(t) fa n pcrmut..11,tion polynomial if, tuKl ouJr 
if, a(Z) 2 l is a squa.rc fa L[[Z]]. 

Prrmf. lf .f(t) iH a pt>,rnmt.Htion polxnorula.l m-er L [_Z]] 
tht',Jl ft( t) ÜI a penn11t,HtÍün polynornlal iu L, thus o:a-1 
ltt a 1:1q Lw.re in L ( [ 3, Lht"tUr. 1.1]), ~m] by ll;l.!milll, 2. 2 
o{Z) 2 -1 ü:1 1::1 !:l(tLiare in L[[Z]] . Couvfill:lely, if u:{Z )2 - 1 
i!:l c1, ~4 ume iu L [[ Z]] L.Ju:H1 u:5 - l i8 a !:iq uw-e iu L {ltim­
!!l!:I 2. 2), ~h~.refure, 1:l.f!;:1::1.•ill Ly 3, bheur. ,1.1: , Ji (i) il:l ~ 

pemrn tation }lolvnomia.l, moreover f 1 {U) = O- Rut. 

J '(l) = q + 1 t(q- l ) / :.i + tlo 
l 2 • ' 

and sinc:e o:u ,f O, zero iB a non SÍJigumr zero of ÍJ ( t) . 
Tht-ruure , ¡.,ropo::,ltion 3.2 und lüJmna 3.4 implics f( t) is 
a pcrrnutution polynomiül. 

Thc pravious proposit.ion is a. partial analogue of 
"\Van Daqling\, t.hcarcm4.1 in [3]. The following pwpo­
sit.im.1 ind udea analogues of re1mlta ohtaine<l by V\o'an 
Daqing jn ¡a, Sec1.i.on 2]. \Ve om:it the prnof ¡;ince i:t. ia 
straigl.itforv,•ard . 

Proposition 3.8. lf l < k < q i '"t' ( Z) is not a lltli t 
and cr(Z) i; L[[ZJ; r then 

1. If k is not n power of p tllar satisfies q ? ( ~:2 -

4k + 6)2, the11 f(t) = tk +ü(Z)t + ~t(Z) E L[[Zl] , 
i,5 not a pcrmutaUon polynomfül ovcr L-1[ Z] , 

2. Let .J hf! ,·uJ i.ntf!gf,r suc.h tlm.~ 1 :S J .$ q - 2. If 
f(t) = l +o:(Z )t r(Z) E L['Z]¡, u(Z) ~. wtil,, 
io it µermu lo1t-fon µulyrwmilil iu L[[Z]_ l-11e11 th.a 
t1(J,1wtion 

ki + j = O(rnod (q - l}), -i + j = J, 

(:;) 1- 0(mud µ), O :S .r ::S J 

Ü&'l Hitimr no süh1tiorn, (t , j) nr 1ú Je,'1..r,t twn .<;;o­

Intinmrnf (i, j )_ O 

Thc follm\'ing prop=ition líst;;; pcrmn b tion polyno­
mials over L [ [Z]] 1 of degroo at most 5, c-,0rresponding to 

thc classícal list in [4 1 § 90]. 

Pruposition 3. 9. Lct ü '( Z), /f( Z) , ~,, ( Z), 
"r":t.(Z), ~-s(Z) aml 1•(Z) dementf,; of L[ [ZJ]- 1f 
-f1 ( Z ), 'l'2 ( ¿;-), ~13{ Z) , ttIJd 7( Z) a.re uot wJil.s U-1&! tlJt> 
foltuwiIJ~· µoly1wmials iu L[ [Zl] a.re µE,i.wmlal.iUii µu{r-
1w¡r1iab!: 

a) l 3 + -r1 (Z)l2 - (~(Z}L + -r(Z), ií o,(Z) ~ L[[Z]f 
au<l t./ = ~r• ' 

b) .~·1 + 1J (Z) l2 + -;2(Z )l ± Jl + -:,•(Z), ií q = 7, 
e) l'1 + "fl (Z)t3 + n(Z).t2 + f)(Z)l + 1·(Z); i{ µ(Z) fa· 

,t uuh, tlw uniq ue ;a3.n:, of U..s pw:iecH011 fo L fr,· 
t - O .:md if q -=- 2,.. i 

d) t6 - ·r1 (Z)t4 + ~1.: (Z}t.3 +'}::s(Z)t2 - {l (Z)t -1· 1{Z), 
d a(Z) ~ L[[Z]]4 .tnd q = t¡-i, 

tl} t;'t. + -Y2(Z)l4 + -:r2(Z)t3 + 1s(Z)t2 ± 2112 t + 'l{Z) , 
if q = :12 , 
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f) f.;+ ~11(Z)t1 + a{Z).l3 {l + 3o(Z)2l - 'l(Z), i[ 
a(Z) ~ L[[Z]]2 and Q = 7; 

g) l5 + 7 1 ( ~)l'1 + u(Z}l::i +n1z(Z)l2 + c,(:}:i l+ ~r·(Z), 
if a(Z) js a u11il ru:id <J = ;j•m ± 2, 

h) t" + .. }"1 ( Z')t4 +a(Z)t3 +,'2( Z)t1 + Ja( Z)2-t+~r(Z), 
if n:{ 7,) f/. 1{7,]]2 :.wd q = U ::t, 

i.) t·' + '"'t'1 ( 7)t4 - 1~ ( Z')t 1 ··"/2 ( Z')t2 + 0:{ Z) 2t+ ·Y{ Z), 
if u:(Z) f L{[Z]j2 a.IJd q = ,5" . 

Prwf. 'l'he µro j""'-· Ll.um;: uvt-.r 1, uf th~ polyuumlab 
al'e identicaJ I.A: ► the pol,Y nomiab lisied by D iekson iu 
[ 4]. The resn ltiui t. polynomi als QV8l' i 81'8 pt3tumiaiion 
polynnmíals whkh h~v.: O ll;.<: tnc:h 1rniq11c: 9'.í:TO. Mor('()VBr 
it, i~ ~.Jl.S}' to se~ t.bat fJ is a non :;ing11 lax 7..cm for í"! fl.r.h 

one of tl:tem, s.o th.e given polyllorniab are pt>xrnnt,ation 
})olyn.omials in L U ZJ] . □ 

,1. Dicksou Pol.'t' nm rua fo 

Dk.b-On introduu'd a particular kin(l of pul y 11u111iHk: 

over 11, finitc fidd afo:::rwru:<ls ooilu,xl by I. Scl1m ~ Dü.l,;­
,on polynornial.,.,. Dickson po]ynomials hm·e inifil·t!~ U.:1112: 

applicatíons io coding thcoryf ihe tonsi1:udio11 uf rIBA 
(Re.ed-Sofomon-Aldeman) crrptosystcmsf and wmpfolc 
mappings of finit.e fields, In J 923 Schur m1,jecL med U1"'L 
polynomials over Z. which are permntation poh,nomitils 
modulo p for infhritely rwmy primes p are preCÍM>Jy com­
positions of Hnea.1· aud Dlcl.i;on polynomial.!3. M icha.el 
Fricd in 11)70 [5, §1] succeed.1.."<1 iu proving thí~ v;.'W:I so. 
Al.so, Die.bon polynomiab: have intcrcsting a.nd di verse 
properties that ma.ke them a valuoo!c study topk. 

,•\ poly11tlllli~1 in Ll[ZJ] [t) of the type 

Lk/:!J k (k .) . . 
9k(t,a(Z)) = ¿ -k - . . J . (- a(Z))Jé'- 21 , 

j=iJ - J J' 

wl:iere cr(Z) E L[[~] ], k is a posiUve iintcgcr and L k/2J 
denotes the integer part of k/2, is callcd a Dickson P<>ly­
nomia.l oj the second kind with po,rometcr cr(Z) and de­
gT'f'e k , or 8Ílltply a Dir:kson polynomial. 

Tn thfa, ::;ccl;ion we ~re ilité 'f:'8ted il:1 findiug values for 
o(Z) !'lnél/or k, telli:rig us whe:n a Ditkson poiynomíal 
1::; n. p~mmt.M.icn polynomi~.l . Ji'ol 1:1x:~.tnpl~, if a(Z} = U 
thcu g¡,(t : 1:i:(Z)) = tk·, nn<l ru')rollnry to rrropooition /:U:l 
tells u r. t.hnt. frl; ( t, O) i.!'l n p<!mm t,flr,ion p úl,v11mri iti I only 
when k = l. If k irs cvcn, nll. r!xpon!"!nts of t ¡¡,rn C!VCn, rm d 
clearly 9k is nat :.i. pe'nnutat.ion Jlúlynominl. From now 
on v..-e supposc. that o·{Z) f. O nnd tha.t k i.,:; odd fl.nd wr 
denote by gi(t , n0 ) th.c proj nction of g¡¡{t, r~(Z)) in T.[t. 

P 1'0pOSLlion ,1 ,1. If gk(l, o:{Z)) E L[[Z]][t] is n, Didr­
i:iU.u µuly1roIL1itti u[ U1e 8BL'DUU ki.ud, tl1tm 9k ( t ,. et·( Z)) 11; tt. 

µ~·1Imt1;1Uuu µuly1wmW if, 1M1d uu.ly if, ( k, :p( 1/ - 1)) = l 
aJKI a{ Z) i..i, a. ui1U, 

Proof- We ionppose t hat m, ( t, et ( Z)) ís a permuta­
füm poly11om i11.l. Then 91,:{t , 1.lo) E [,[t] is a permuta­
t.km poljrnomial w hrnr. 7.c:m i:::: 11011 si ngi.1 lar. Tf !)/¡ (t., o 0) 
.is a pt> . .nmrt.at.iun púlynomial ami k is orkl, hy [7, Ut)l, 
(k, 9.2 - 1) = 1. .Moreovei:, sil1(:.e 

d gdü:C:l',)) l.( )Lkl2J 
d.t = li.' -üo .• , 

a..m.i c.10 =f. O, íf p I k tlmn ttw prcvious tquality L-; :7.(ll'O, h ~, 
O is a. siugulai-..r :.::e.ro of g¡, ( t, c.r11 ), w lifoh i's a <' intnu.lidion. 
'l'her€fore, (k,p (q2 - 1)) ,:,:, l. 

\Ve .:amppo~n nrmr t.h at ( ~'.; p( l - l ) ) = 1 , then, 
( f.: 1 q2 - 1} = L Aga.in h}' (:3) 1n [71 Wf:1 h.i:ve th ;;i.t 
g1;:(t, no) i.,,; a pRrurntat:ion polynmnfa l. 8inr'.c: no # O 
tht>..r1 ()1 th~ 11 niqu(~ 7.f-'Jfl (1 f gi. ( t, 0 -0), í::; rf"!gn lar, si noc: if 
J;;(-ao) l "i2i = U ihE'n 1.:ro = U or k = O. Jfot ,i·.:, ,f O aud 
s1nce (k,p(q';! -1)) = 1, then v { k, and tllerefore k ,f,. O. 
Thus Uk(t, oo} is a pennuiaL.ion µolyuow.iru whuldA:' :.:.ew 
i.s non singular. Vite i:;0111.foi:l~ fiual.ly LLal ,q1,;(t, u'(:t)) is 
o 1)4:!l'mutation polynomial 
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