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Abstract

Lu, Yun-Guang: Nonlinearly degenerate equation wave v, = c(vl*'v) . Rev. Acad. Colomb.
Cienc. 31 (119): 275-283, 2007. ISSN 0370-3908.

It is well known that the generalized solutions for the Cauchy problem (1.4)-(1.5) are also
the solutions of the nonlinearly degenerate wave equation vi: = c(|v|*~'v)z. with the initial
data vo(z). In this paper, we first study the strong and weak entropies of system (1.4),
then the H~! compactness of n{(v°, u¢): + q(v%, u%)z of these entropy-entropy flux pairs with
respect to the viscosity solutions of the Cauchy problem (1.7)-(1.5). Finally, suppose that
for fixed point (z, t), the support set of the Young measure v, is concentrated on either the
region v > 0 or the region v < 0, then v; : must be a Dirac measure by using the theory
of compensated compactness coupled with the kinetic formulation by Lions, Perthame,
Souganidis and Tadmor [LPS, LPT].

Key words:Wave Equation, Young Measure, Compensated Compactness, Kinetic For-
mulation.

Resumen

Es bien conocido que las soluciones generalizadas para el problema de Cauchy (1.4)-(1.5) son
también soluciones de la ecuacién de ondas nolinealmente degenerada vy, = ¢(|v|°~ v)zz con
valor inicial vo(z). En éste articulo, se empieza estudiando las entropias fuertes y débiles
del sistema (1.4), luego la H™! compacidad de n(v%,u®): + q(v¢,u): de los pares de flujo
entropia-entropfa con respecto a las soluciones viscosas del problema de Cauchy (1.7)-(1.5).
Finalmente, suponemos que para el punto (z,t) fijo, el soporte del conjunto de la medida de
Young v, se concentra sobre la regién v > 0 o la regién v <0, entonces v : debe ser una
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una medida de Dirac con el uso de ia teoria de compacidad compensada y la formulacién
cinética de Lions, Perthame, Souganidis y Tadmor [LPS, LPT).

Palabras clave: Fcuacién de Ondas, Medida de Young,Compacidad Compen-

sada,Formulacién Cinética.

1. Introduction

A function v(z,t) € L* is called a generalized solu-
tion of the nonlinearly degenerate wave equation
v = c(|v* M W)ge, —0O<zT <00, t>0, (L1)
with initial data
(v, im0 = (vo(z), 11(2)), —<z<x (12

if for any test function ¢ € C§°(R x R*}),

[ ” / " 06(z )t — clol* v (a, ) adadt
[¥] —00

oo (1.3)
+/ vo(x)P(x, 0)e — vi{x)d(x,0)dx =0
where s > l,c = & > 0 and § = —%t1 < 0 are con-

stants.

A pair of functions (v(x,t), u(z,t)) is called a gener-
alized solution of the following system

Ve —uz =0, us— f(v)=0 (1.4)
with bounded initial date
(v, u)|¢=0 = (vo(z), uo(x)) (1.5)

if for any test function ¢:(z,t) € C§°(R x RT), i=1,2,
( fooo fix;o vd(x, 1)1 — up(x, t) i dxdt
+ f20 vo(x)¢1(z, 0)dx = 0,

\ (1.6)
I2 120 ug(z, thae — Fv)o(x, £)apdudt

! 4 up(e)s(z, 0)dz = 0

It is obvious that the generalized solutions of the Cauchy
problem (1.4)-(1.5) are also the solutions of the Cauchy
problem (1.1)-(1.2} if we specially choose that ¢; =
&1, 2 = ¢ and vy (z) = uh(z) in (1.6).

In this paper, we first study the strong and weak
entropies of system (1.4), then the H~! compactness of
n{ve, u®); +g(ve, uf), of these entropy-entropy flux pairs
with respect to the viscosity solutions of the following
parabolic system

Ve — Uy = EVpgy Up — f(U)r = EUga (17

with the initial date {1.5), where f(v) = ¢[v|* 'v. Fi-
nally, suppose that for fixed point (z, ), the support set
of the Young measure v, is concentrated on either the
region ¥ > 0 or the region v < 0, then we prove that
vy must be a Dirac measure by using the theory of
compensated compactness coupled with the kinetic for-
mulation by Lions, Perthame, Souganidis and Tad-
mor [LPS, LPT]. Thus the limit v(z,£) of v¢{z,t) is a
solution of the wave equation (1.1).

2. Strong and weak entropies

A pair of smooth functions (n{v,u), g(v,u)) is called
a pair of entropy-entropy flux of system (1.4) if
(n{v,u}, g(v, u)} satisfies

=Ny, Gu = _92|'ULS_1WH- (2'1)

Eliminating the g from (2.1), we have the following en-
tropy equation of system (1.4).

|3_171uu- (2.2)

An entropy n{v, 1) of system (1.4) is called a strong en-
tropy if n(0, u) # 0; otherwise, it called a weak entropy.

N = 82"”

Lemma 1. Let fj(v, u) satisfy entropy equation (2.2) in
the region v > 0 and §(v,u) be the entropy flux. Then

I (v, u) has an even extension and g{v,u) a odd ex-
tension if #(0,u) # ¢ and §(0,v) = 0;

II 7(v,u) has a odd extension and g{v,u) an even
extension if (0, u) = 0; iLe.,

(v, u) = H{|v),uw), ifv#0,
n(0,u) =7(0,u), fv=0

alv,u) = (sgn v)q(ol,w, ifvzo, &Y
g(0,u) =0, fv=0

n{v,u) = ( sgn v)i(lol,u),  Ifv #0,

n(0,u) =0, ifv=0, (2.4)
q(v,u) = g(jvj,u), v #0, '

¢(0,u) =g(0,u), fv=0

satisfies system (2.1) on v # 0;

I if 1, (0, u) = 0, then there exists an entropy fux
associated to n such that g(0,u) = 0.
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Proof of Lemma 1. Part I and Par II are easy to be
proved from the equations in system (2.1). About the
proof of Part III, from the first equation in (2.1), we
have that

o(v,u) = — fo * o6, 7T + B(v) (2.5)

and so
gulv, u) :—fou T {w, T)dT + B/ (V)
== fo O*|v|* 1 (v, TYdT + A (v) (2.6)

=— 60|, (0,0) +6%{0] 7 (0,0) + ' (v).

Let h(v) = — [ 671* 'nu(r,0)d7 in (2.5). Then
clearly ¢ given by (2.5) is an entropy flux associated
to 1 and satisfies ¢(0,u) = 0.

Consider (2.2} in the region v > 0 with the following
initial conditions

ﬁ(Dv ‘U,) = dtl)fl(u)a ﬁv (Ov ‘U,) = 09 {27)
where df = f_ll(l — 72)*dr. Then an entropy of (2.2)
with (2.7} in the region v > 0 is

B = [~ OG-k @
where the fundamental solution

Gi(v,u — &) = v(v™! — (£ —u)?)} (2.9)
the notation z4 = max(0,z) and A = —52t35 € (-1,0).

The entropy flux g7 (v, u) associated with 7{{v, ©) in the
region v > (0 is

B = [ O 0we - was
Similarly, an entropy of (2.2) with initial conditions
H0,u) =0, 7u(0,u) = d3 folu), (2.11)
in the region v > 0 is
Bow= [ pOCE-uE (212
where the fundamental solution
Gov,u—&) = (v - (£ - u)z)‘i (2.13)

and d = f 1(1— ¢dr, p = —A—1 ¢ (—1,0). The en-
tropy flux g3(v, u) associated with 73(v, u) in the region
v>0is

Bv,u) = /_ ” fz(&)[ﬁ’E_
f Gy, € — u)dylde.

(2.10)

2(”1 E - u)
(2.14)

We can also use the "exterior” of (G as suggested in
[JPP, LPS, LPT] to get following functions satisfying
system (2.1) in the region v > 0 :

i (v, u) = j F1EGT (v, & — u)de (2.15)
with initial conditions
AT(0, u) = df fi(u),
(2.16)

s o)
7E (0,u) = T / £y + Wy Hdy
1]

where fl( ) has a compact support set in (—o0,00) ,
df = f° (7 + 2)*dr and the fundamental solutions

Gi (v, u—8) = v(E—(ut+v )L (e~ (u—vF),
Gy (a8 =vlu—v™F —) (urvF - (218)
Similarly
wo) = [ OGH 06 - e
with initial conditio—nc:s0

ﬁ%(o,u):/o c?z(iyw)yz“dy, M3, (0.u) =d7 fa(u) (2.20)

(2.17)

(2.19)

where fg u) has a compact support set in {—oo,00) ,
2 r#(r + 2)#~dr and the fundamental so-

lutlons
G (v, u—€) = (£ —(u+v YW (e~ (u—v T, (221)
Gy (wu—&) =(u—vF - (u+v T -6k (222)

Theorem 2.

A. The pair of functions
R (v,u) = 7(jvl,u), ifv#0,
2{0,u) = dfi(u), ifv=0

g(v,u) = ( sgn )@ (|v],u), v £0,
@(0,u) =0, ifo=20

(2.23)

is an entropy-entropy flux pair of system (1.4).
B. System (1.4) has the following entropies:
{Th (’U, U) = (Sgnv)(ﬁi’_uvlv u) _ﬁl—(lvl?u))a if ’UT,éO
m (0, u) =0;
m§(v,u) =73 (vl w) = 7z (vl w),  ifv#0
(2.25)
730, u)= [ (faly + u) — fa(—y + w) Jy™dy;
73 (v,u) = CR3(lvl,u) + 45 (Jo],w),  ifv #0
(2.26)

03 (0,u) = f3° faly + u)y* dy;

(2.24)
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g (v u) = Cid([vl, u} + 75 (|v],w), ifw#0
(2.27)
73 (0,u) = [ fa —y + u)y*dy,
where
= 1) [ + 2k kg
Co (s —1) [y (r + 2}~ Lridr (2.28)

2f (1 72)pdr

Proof of Theorem 2. Since the results in Lemma
1, to prove Part (A), it is sufficient to prove that
(72 (v, u), g0 (v, u)) satisfies the entropy-entropy flux sys-
tem {2.1) on v > 0 and 42(0,u) = 0. In fact, letting

§=u+v%l'r,w =u+v¥ and 2z :u—vﬂi—l, we have
onv>0
Row)=  AOC0.E-u)ds
= [ h@tw - X e-arde
: (2.29)

1
=/ fl(u-l'v%’.")v(uﬂz—_l)@”l)(l_7_2),\d1_
-1
1
2/ filw+ v F r)(1-r2) dr,
-1

and

Ao, [ 7 ne)e

=f " A8~ w(w - € - 2P de

1(v, & —u)d§

1
=[ fi (TH-"ULE_IT){JUile -r(v"—é‘"l Ll T B 2
-1

1
=f filu + v T)Q?J%_lf(l — > dr.
-1
(2.30)

So, 49{0,u) = 0 and &, (v,u) = ~-7),(v,u} on v >. To
prove the second equation in (2.1}, letting

/51—52 B s+1(

- — )M (2.31)

we have

1
2v,1) = f A + o P )00 da(r)
- (2.32)

1
= f Silw + o F )00 h()dr
-1

and thus
1
-f Fiu+ v )80 h(r)dr

)sz_ﬁ_'rh( ydr (233)

where
2 25 [ a4l 23241
I=—6 ﬁv"’_ f filud+vz TY(1—79)dr, (2.34)
- -1
and
2, s5—1 ! ' atl
II=6%v /Th('r)d(fl(u-l—v 7 7))
-1

1 -
== [ Fusro B r)(a(r) 4720 ) e
-1

\ 1 (2.35)
= 92—3 Slvs"lf fllu+ v%—l?‘)(l — Mgy
- -1
1
- Bzvs"lf Flu+vF 1)1 — 72 dr.
-1
Therefore
1
-0 2. s—1 / a1 2y
=8 Lo )1 - 2N
do= =t [ Hoe B na e

2, 8-1-0
—0%v lu

on v > ). Part {A) is proved.

To prove that 7 (v, u) given by (2.24} is an entropy,
we rewrite 7] in the region v > 0 by

/fx v(E—w)ME — 2)ME (E~w=y)
=f0 Fly+uto T Yo g+ 20T )Py (y=vF7)

oo
:/ f;{fuﬂi‘l r+u+v%)r>‘(r + 2)Adr.
0
(2.37)

Similarly

i =N Sy A

™ :/ fil—=v T r+u—v7 )r(r+2)%dr. (2.38)
0

Thus

m(0,u) = 7 (0,u) — 7y (0,4) = 0. (2.39)
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To prove that ;" satisfies equation (2.2) in the region
v > 0, we use the second equation in {2.37) to get

.=/ Thlyruto P A2y
0

oQ
—Bff{(y+u+v%)vtgiy"(y+211%_1)”‘dy
0

(2.40)

o0 a41 841 A 541 )\—1
—2)\6‘] fly+ut+v =)o yM (y+2vT Y dy

0

= Il + I2,

where

" iy, A 21
.I1=f fily+u+v 7 i (y+2v 7 ) dy

0 (2.41)

OO
- 9/ Flly +u+ o ) F g+ 208 Yy,
Q

Ilv=(92—9)[oo}{(y+u+v#)v%y (y+2v"T Vdy
—2)\9[}1(% uto ) T YNy + 20 ) ldy
+ 2262 ‘/Oo}{(y+u+u%_l)v3y’\(y + 20 T )1y
+6* /:}{'(y+u+v%l)vsy’\(y+2vi¥l)"dy
= (92—8)./00}{(v#‘r+u+v#)va—7l‘17)‘(¢+2)’\dr
- 2)\9foo}l(v“t‘lf+u+v“‘¥*l)v_zf"(7+2))“1d'r
+ 2262 c>j’{(1,1%11"+u+'u%)vig'l‘11""(1‘+2))‘—1d'r

e ] Hyrurr Tt g+ 20 Py
(2.42)

and

. o0
I2=—2)\9f A+t T M y+20F Y dy
0

o
=—2A9f A F rrutr T r2)
0
(2.43)

I2-u = 2)9/ fl(U%T+U+U%_1)U‘2'r’\('r+2)*—1d-r
0

o0
+22062 | Flo T r+utro T T 2 r g DA (r+2)
0

=2A9f AF 1+ ut0T 2 42 r

+2)82 f,(v 2 ‘T+U+UA:£~)U_%WQ(T-%].)T'\(T-FQ))HT

2t

— 282 f @ T rturo T T 2+ )N e+ 2

(2.44)

Since #%2 — 6 = —2M\62, we have by combining (2.40),
(2.42) and (2.40) that

a1

_ s sl
ni’w—sz flytut v T )t yMy+20F Yy

__0231

(2.45)
Muur
Similarly, we can prove that

T = 970°7 15, (2.46)
in the region v > 0. Thus 7 (v, u) given by (2.24) is an
entropy of system (1.4).

About the functions given by (2.25)-(2.27), we only
provide the proof for # (v, ). A similar treatment gives
the proof for 73(v,u), 77 (v, u).

Using Lemma 1, to prove that 75 (v,u) is an en-
tropy of system (1.4), it is sufficient to prove that
79{v,u), 77 (v,u) satisfy entropy equation (2.2) in the
region of v > 0 and C73, (0, w) + 75, (0,u} =0

We may rewrite 75 (v, 1) by

S(v,u) = /lfz(u + U%-_]T)’U(l — T2)Hdr. (2.47)

Then
oy (0, u) = f folu+ v 1)1 - r)dr
{2.48)
—6’/ filu+ o T ) F (1 — 2)dr
-1
and
7]21::;('” uy= ffg{'bb-i—'l) ) 1")1; Fl 1—{1 72).0-(17.

+ 6? fé’(u-l—v%l v’

T2(1 - Tz)y‘d‘T.
{(2.49)
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Letting

ha(r) = / £(1— E2)hdt = s —_:: :13(1 _ 2 (2.50) Similarly \:oe may rewrite 73 (v, 1) by
7 = [ fme—ue-ares -w=y)

- ] Falyut v s (20 rdy
0

we have that

1
-8 /;1 fhlu+ o T)v'_i_lr(l — 74

(2.53)
33— 1 H B f— i#
= —(f? — B)U'T}“ f Fu+ v F R (v T dr N (y=v77)
1 - = f fg(vit_lr+u+v%_l)ur“('r+2)“dr.
s41
= §%* / fr(u+ u_g_'r)(l — rH)ptlgr, 0
-1 To prove that 77 satisfies equation (2.2) in the region
(2:51) v > ), we use the second equation in (2.53) to get
Thus we get by (2.49) and (2.51) that o0 . a .
I =0 [ Blururo Ty 2Py
M (v, 1) = 0%0° [ fz”(u+v_§_7)(1—'rz)“dr °
(2.52) a1 1, sy, (2.54)
=017 (0, w) — 20pv 2 A fely+u+v 7 )yt (y+2077 ¥ dy
- 2uu iy M/
=I3 + Lls
. where

20 = 62 f T e AL N e e [ Folyru v B e 20
+2,u92v’_1/ fé(y+u+"u 2 )y“(y+2v 7 )“'ldy

w L. 5 1 1 J
=92/ Fyrut o™ sy (y+ 20 Yy + ; 82
1]

_1ff2(”_¥""+”+v )i (r+ 2 (v )y

- (2.55)
+2,u.92v”_1/ AT fu+ o)k 1 2y (0 F )2y
0
~92j Yy +u+ o F )yt (y 4 20" F Yy
1 - £— o0 a4 1 8
: J2r - 2 Lyt f AWF 7+ u b o)k + 207 (7 4 Ddr
0
since 2p6? = — 231 551 angd
e 9]
Iy = — 20T f Falo 7w+ o )t (r £ 2 (0 ) dr
0 (2.56)
= "ﬂ)f"('r + 2)#~ldr,
- b o— m = N
Iy, = 5 _; 1s 5 1'971 f fé('v—}l'r +u+ U_g_l)‘r“('r + 2)#~1(r + 1)dr, (2.57)
0
thus o
Mo = 92[ Fly+u+ v T Tyt (y + 20°F JRdy = 020" 1], (258)
0

which implies that 7; satisfies the entropy equation (2.2) in the region of v > 0
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It is obvious that
1

B0 = hlw) [ (1=,
LT e (2.59)
O = A [ 2t

from (2.48),(2.54) and {2.56). Thus 73,(0,u) = 0 and
the proof of Theorem 2 is ended.

3. Compactness

In this section, we study the H~! compactness of
n(ve, u®)+q(v°, u®),, of these entropy-entropy flux pairs
given in Section 2, with respect to the viscosity solutions
of the Cauchy problem (1.7)-(1.5).

By using the invariant region theory by Chueh,
Conley and Smoller [CCS], we can obtain the follow-
ing L estimate on the solutions (v, u®) of the Cauchy
problem (1.7)-(1.5):

[v¥] < M, |uff <M, (3.1)
where M is a positive constant, which is independent
of ¢, but depends on the L*> bound of the initial data
(1.5).

In this section we obtain the main results as follows:

Theorem 3.
vE(x, 8)y — u (2, b))z (3.2)
is compact in Hj;}(R x RT) and
n' (v (z, ), vz, 1)) + ¢° (v° (7, 8), v (z,t}).  (3.3)
is compact in H;;! (R x RT), where n°(v,u) = n} (v, )
or (v, u), nd (v,u) and 05 (v,u).

Theorem 4. Let v, be the family of positive prob-
ability measures with respect to the viscosity solutions
(v®,u®) of the Cauchy problem (1.7) and (1.5). Suppose,
for fixed (z,t), the support set of the Young measure vz ;
is concentrated on either v > 0 or v < 0. Then for this
point {(z,t), the Young measure v;; must be a Dirac
measure.

Proof of Theorem 8 For simplicity, we omit the su-
perscript e. We multiply (1.7) by (7, 7) to obtain the
boundedness of

£(vr, uz) - V20 (v, 1)« (vr,ug)T (3.4)

s Tl _ ot 1 1;
in L} .(Rx R*), where #* = % + ZEHy|*+! is a convex

entropy of system (1.4). Then it follows that

eul +e6?lvit 12 (3.5)

are bounded in L} (R x R*).

loc

We multiply (1.7) by v and then by a test function
¢, where ¢ € Cg°(R x R*) satisfies ¢ = 1,0 < p < 1
and S = supp ¢ for an arbitrary compact set K C § C
R x R*. Then, we have that

00 pOO ) o0 poo 2 v2
/ / vaqbdmdt =/ / (—¢t + E“‘qf’zz)d’ﬂ:df
0 J-oo 0 J-o0 2 2

+ ]0 f_ vuddzdt < M(9) (3.6)

+( f / U2¢>dxdt)2 ( f f uﬁqbdmdt)z
0 J—oo 0 J—no
and hence by (3.5},

c3v?  are bounded in L. (R x RY), (3.7)

which combining with the first equation in (1.7) imply
the proof of (3.2).

To prove (3.3), it is sufficient to prove the following

Lemma 5. If

_ B'n(v, u)
771,'(01 u’) — 0! auz

are bounded in 0 < |v| < M, |u| £ M, then
7’.'(”06(33» t)a u® (Iv t))t + Q(UE(I! t), us(w, t))l‘

is compact in H;}(R x R*).

i=0,1,2,3,

Proof of Lemma 5. Using entropy equation (2.2) and
the condition 1,(0,u) = 0, we have

mow = [ P Gl (38)
and .

u(,) = /0 PIEP (€ 0)dE. (3.9)
Thus

|l
im0 (0, 0)] < M ]0 6267 1de < Miv)’ 510

< Myol* 2, [mgu(v,u)| < Myfo| T,

where M, M, are positive constants.

Muitiplying system (1.7) by {n{v, %)y, n(v,u)u), we
have

7?(”5=UE)t + Q(Usau‘s)m
= en(v%, 4 )og — e(N(V°, 4" Juu (V) (3.11)
+ 20(v%, w Yy viug + n(v%, u ua(uz)?)-
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Using the first estimate in (3.10), (3.5) and the bound-
edness of #,, we have the compactness of

en(v®,u)z in  H_ YR xR, (3.12)

toc

as € tends to zero. Using the second estimate in (3.10),
(3.5), the boundedness of 7,, and the relation n,, =
82|v|*"1jyu, we have the boundedness of

e(n(v®, us)vv('vi)z + 2n(v°, u° ) putgtg
+ (v, 4w (u)?)

in Lj,.(R x R*), and hence the compactness in W1
for some a € (1,2) by Sobolev’s embedding Theorem.

(3.13)

Therefore the right-hand side of {3.11) is compact in
LR x RY) for some a € (1,2), but the left-hand

loc

side is bounded in W~1°(R x R*). This implies the
compactness of n(ve, u) +¢(v°,u); in H (Rx Rt) by
Murat’s Theorem [Mu], and hence the proof of Lemma
5. Theorem 3 is ended.

Proof of Theorem 4. 1. Suppose suppvy: = 0, then
using the measure equation to the entropy-entropy flux
pairs (v, —u) and (u, c[v|*~'v), we get

< Vgt U >2i=g um‘t,uz >, {3.14)
which inplies that 17, is a Dirac measure and the sup-
port set is one point (0, 7).

1I. Suppose, for fixed (z,t), the support set of the
Young measure vz, is concentrated on either v > 0
or v < 0, but not only on v = 0. Then clearly
< Vg t,m) ># 0. Using the measure equation in the the-
ory of compensated compactness to the entropy-entropy
flux pairs (79 (v, u), ¢ (v, u)), we get

< [olH{v,u,€) > < (sgnv)(€ — w)H (v, u, &) >
— < |v|H(v,u,&") >< {sgnv)(& —u)H(v,u,£) > (3.15)
=< (' - &vH(v, v, §)H(v,u.8) >,

where we use the notation

< H(v,u,&) >=< vp,, H(v,u, ) >
and

H(v,u,&) = (o™ — (€ - uw)?)]. (3.16)

Let w = u+ |7,z = u— [v|*F* and I = [z,u] for
each (v,u) € suppvy,. Dividing (3.15) by

< |v|H(v,u, &) >< [v|H(v,u, &) >
and sending £’ to £, we obtain

B [<(sgnv)((—w)H{v,u,&)>] _ <vH(w,u,&)">
Bl <|v|H(v,u,£) > T <JuH (v, u,6)>2"

(3.17)

Again using the measure equation between (n9(v,u),
g@Y(v,u)) and (v, —u)}, we get
§<v><(sgnv)({—u)H (v, u,£)>
+<u><|v|H(v,v,£)>
= 0 <(E—WlvlH (v, 1,8)>
+ <u|v|H{v,u, &) >,

(3.18)

which can be rewritten as
f<v><(sgnv)({—w)H{v,u, &) >+<u><|v|H{v,u,)>

<|v|H{v,u, &) > <u
_ < ulv|H(v,u,£) >
=6+(1-8) < lu|H(v,u,£) >
(3.19)

in I. Differentiating (3.19) in § and combining the out-
come with (3.17), we also get

£(<ulv|H(v,u,§)>)
G\ <|vlH(v,u,8) >

(3.20)

_f
= 1'1_—9 (<'U>
if the support set of the Young measure v;; is concen-
trated on either v > 0 or v < 0. Following the steps
given in Proposition I1.1 in [LPS], we can end the proof
of Theorem 4.

<vH(v,u,&)?%>
-1] £
<|v|H{v,u, £) >2 <0
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