M ATEMATICAS

HOMOGENIZED POLYNOMIALS
AND CURVESWITH MANY POINTS

por
Alvaro Garzén?

Resumen

Garzén, A.: Homogenized polynomials and curves with many points. Rev. Acad. Colomb.
Cienc. 30 (117): 555-561, 2006. ISSN 0370-3908.

En este articulo construimos una clase de polinomios sobre cuerpos finitos, los cuales surgen
como resultado de la homogenizacion de polinomios simétricos. Estos polinomios son usados para
la construccién de cubrimientos de Kummer del cuerpo de funciones hermitiano, el cual tiene
muchos lugares de grado uno.
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Abstract

We construct some classes of polynomials over finite fields as homogenization of symmetric
polynomials. These polynomials are then used to construct a Kummer covers over the Hermitian
function field with many places of degree one.
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1. Introduction and was widely peneralized 5y Weil as follows: Let ¢ be
a non-singular projective shsolutely rreducible curve of

The theory of equations over finite fields is a hasic genns g defined over a finite field ¥, then

Lopic in elassical number theory, Assaming an analogue
of Riepann’s Lypothesis for the zeta function that he v Fi - o
introdueed, ﬁri;iril corjeciured an upper hound for the H#C(FL) = (g + 1)l 2994 (2l
nutnber of solutions of equations of type
where C(IF,) cenotes the set of F-tational points of C.
This inequality & equivalent to walidity of Riemann's
Y2 = f{X){modulo a prime number) (1) by pulhiesis fur the zee function associated to the curve.
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The interest in curves over finite ficlds with many ra-
tional points {i.e., #C(F,) is “clase” to the upper hound
in {2)) was renewed after Goppa’s construction of codes
with pood parameters from such curves [4], Moreover
the number of solutions of congruences in two or more
variables is related to estimates of sxcponential sums over
finite fields [7. The construction of curves with many
points over For is ollen perlormed using special polyno

minls o (X) & Fy[X].

The goal of this paper iz bo consider a special class of
polynomials oy (X, ¥, obtained as product of cerlain
symmetric polynomials sg, (A7) defined in [1]. We ab-
tain a nice properties of these new polynomialz similar
to the ones obtained in [1], and we nse them to canstrct
funetion felds with many places of degree one, equiva-
lently to construct curves with many rational points.

2. The Polynomials s, j(X) and 7, ;{2 Y)

In this section we infroduce the polynomials 5., ;(X)
(see [1]1 and we use them to define a new kind of palyno-
mials @ 5 (X, Y) € Fu[X, Y], which have similar prop-
erties to those of the polynomials s, ,(X).

Definition 2.1. For intepers m = Land §=1,...,m
we define a polynomial 3., (X)) € F [X] as follows

B ) = O By X
where s;(X;,..., X is the j-th elementary symmetric
podynomial in mm variables over . We agree to define
SmolX) =1 and 5, ;{X) :=0for § = m and for j < (.

(Ybserve that according to with Definition 2.1,

-":r:,l(x} = X+X04 ...+ ‘E_"'f.'"'—'l
mmlX) = K ltgt. g™ !
3771;5':){]' = 0, for § = me
and deg{sm (X)) = ¢™ ' +¢™F + ..+ g™ for
L=7=m

Lemma 2.1, For all § C & and m = 2 the following
statements hold fruc

i) SmJ'I:X] 2= Hm_l_jliX}{' - Xﬁm_llj_;{X}q.
o k=1
ii) Smd{}i] = X7 .ﬁm_;[d-_]_l:x:l +Sm_1_j[,]f:l.
iif}) .‘.:md-{..g]""—smﬂl[.‘a":] = I:Xq'm —X]ST,,_LJ-_]{X]"'.

Proof. See [1]. O

Remark 2.1. The item iii) in Lemma 2,1 gives two in-
teresting facts: first of all the polynomial function s, ;
sonds For to Fy for 5 = 0,...,m (moreover, it i3 not
hard to see that the polynomial function s, ; is either
constant or surjective); secondly, the roots of the polv-
nomial 8y, ; (X belong to | J;cpe Fot ([1. Th. 3.2]).
Definition 2.2, For integers m = land j=1,...,m
we define a polynomial o, (X, YY) € F [X,¥] as
X

l':ml_f |:X1 }FJ —_ b:mlm{}r:ls;.ﬁlj (?) .

In this casc we have

T 0l Y) = S ¥ Dsmo (7 )

prldgrg™

, X
G A R (}, )

_Jfl"']-l‘.ll.1+"'+¢ + . + Xr‘l-n. ]le',h !+___+|_

. . B i
Jﬂ"!..’l"l.':.-':{lyl:l = 'g.-'.‘l.,'rnl::l.’:"q:rn.m (?) — X1+f|'+"'+q :

Ohbserve that the polvnomials sy (X)) can be obtained
from the o, X, V) for sppropriae value: of X or ¥,
more precizely we have sy, (X)) — o (X, 1],

Proposition 2.1. For il = £ and v = 2 it holds that
B omg (X Y) = X7 ome1j-1(X.¥)
TE, T - T
i) om (X, Y) =VYou_ 1 5(X, ¥+ Xou_1 50X, Y)9.
L) G g, V) — O g (XY ) = (KT — X Yoy s D)
F (¥ = ¥ )omo1( X V)
me S.IIIL',H ST"_I,“{Y:I e qu_.l'qm—l:m--][Y}; b:l'r
Lemme 2.1, i}, we have

e =1

; o X 1
T g [ X, V) =V¥1 15m-|-m l':}f}((?) 3111._1\1—1(?)

f XY
v J
m— X
- X* Hr:ra—i.m—ll:y}sm—].j—l (?)

s
.

34 : X
-t }ﬂ? Sery—1,mm— I{Efjl"-‘.m— 1,9 (?}

—x7 I'!‘Jm—h_'-i—'l |TX_~'F”:|+Y"'I" _]C'-.-u L.i (X,¥)
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On the other hand, by 2.1, 1),

Al A’
Ty g |:X.. Y] b I="rrl..'rrl{Tl‘)-,"l:‘hi‘i"“j (?)

) AN
=¥ 8m-1m-1(Y ¥ 8m—1 5 (?)

X g
+X5.-:-1--1,m liv}qﬂ"m L l(?)

— Y a1 (X YV Koy 1 (XY
Mow, by 1) we have
il X ¥ =X i (XYY o (XYY
and by ii},
T (K Y =Yau_ 1 30X, V) + Xopm_1;-1({X, V),
Combining these squalities we obtain @) O

Remark 2.2, Additicoally bo the resull obtlained in
the Proposilion 2.1 we hove other properties of the
pulynomials om (X, Y) for example, since s,,,;(X) —
(X ) ¥m m—g () we have thals

X
T (Y] = 8 m (Y)om (?)
by s
= Smuan [Y]-ﬂm.m (?) Sm am ;r'l.f}

e ¥ .
= Sm.mlﬁ }5rn,'rre—) (I) = '-rrr:-.rh-,—.l':_Y: -X1

And therefore oq, ; (X, Y} = @ (Y, X if and only if m
is even and j = 3.

Definition 2.3. Given a sequence [og, o). g ] of @l-
ements o, £ [y, we define a sequence of polynomials

T (X, ¥) € By [X,¥] by

Tl X, Y] = i t0mm—iln, ¥ ) [orallm =1
=0
Aecording Lo Delnition 2.3 we have
X TY) =X Y,
(X V) = X9 L e XYY 4 2 X7V 4 VI
(K.Y} = egXOHHL | o XOHY | o X7 1 Ly0
+ e XTTIYT 4o Xyt

+ XYY § o XY 4 gy OO,

Remark 2.3. First, obsorve thao if the equality o =
tm—i holds then we have 7 (XY = mu(¥, X, oo
the other hand by saking the sequence (L —1,1, .0
wilh alternating 1 sod -1 and denoting by M{n) =
L+gy+...+ g™ Lhe exponent of the norm [or Lhe ex-
tension Fym over Ty, we have 7, (X, V) = (X — ¥ m,

Theorem 2.1, For all v = 2 the follvwing equslities
feirdid

T (X, ¥ )0 = m (X ¥) = (X7 = X)X, Y2

+ (¥ — ¥ )Fnoa(¥, X7

where the polynomanls T (X, V) and 7 1 [V, X are
dofined ps 2.8 and they am assorinted fo the sequenecns
mven by ooy oand £ = mpoq g1 = 0, m — |, vespes-
truely.

FProol. By delinition and since the coellicienls ¢ € Fy
we by

T
Tk, Y=l Wy = Z S moi( X )T

a=0}

m
i Z Cillm J.I::-;'-I-r1 -.rlf"_:

=)

¥

=% Uil:ﬁ?m,m—{[-x-}r]q_Jm.m—'i(X1Y:|:l

=i
i
= {x’l‘i'" X] (E("fd'rr.-—'l,'rr.-.—i—][x' -Y]q)
L a=0

+ (qu = Y} (Z"—';'?m—l.m—alix~ Y:Iq)
4=

m=1
== ':: }i-rt?". T :'"-j (Z ﬂ:”m—lﬂu—l—:{X>Y}:)

y 1= A

m—1 k
+ [Yq” =¥ z "-:th—'l—z,"?'.'-'—l,-‘er:a X]q) £
o=l
The last cquality is obtaincd by the Remark 2.2, O

4. Amn application: curves with many points
over Fga

In this section we use the polynomials o, to constret
tunction helds with many places of degree one over Fa.
We define the function feld I — Pz, y, 2) over F.,
whers g 15 a prune power, by the equations

R A

e rlg—1,

= ulc,y),
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where w{X, ¥} £ Fgz [X, ¥] is the polynomial w(X,¥)=
ewith ¢ £ Fy and m=(X, ¥) defined as 2.3 associated to
suitable sequences in Fye. This iz a Kummer extension
of degree v of the Hermitian funetion field

A =TFpalay) with ¥ + 3 = sl

We compute the genus of £/F = by using the genus for-
mula for Kummer extensions [$, Prop. 11T, 7.3

GFy=1+r{g(H)—1)+5 3 (r—rpides(¥] (3]
PEBH)

where rp = ged(rp({u),r) for a place P in I with dis-

crete valuation vp in £

By considering the ramification of the places of de-
gree one of H in F we then determine the number of
places of degree one in 7/F . In order to use the genus
formula (3] for computing the genus of the Kummer ex-
tension F of H we have to determinate the principal
divisor of w in H.

Lel us [irst recall some properties of the Hernnit-
jan function field [8, p. 203]. The genus of H is

S i =
q= M~ the number & = N[H) of places of de-

gree one is W = ¢% + 1, namely

{1} The common pale Po, of 3 and iy and

(2) For each rational point {a,b) £ Fga x F2 with
BT+ = a9 there is a unigue place Fop of
dogree one in H such that 2(P,,) = a and
Y Fap) =

And the pole divisors of x and y in H/F_: are

(T)x = @Fae  and (oo = @+ 1}Pscc  (4)

3.1. An optimal funetion Reld over Foa. We con-

sider the function field ' = F oz (2, 4, 2) over F o with
by =t 2wy

with u{z,y) = (z - y)itt — 1 and » | g4 1. Ohserve

that «(X, Y] ig nothing but 72{X. Y] — 1 with 7(X, Y]

ageociated to the sequence (1, -1,1). Mow we want 1o

compute the genus g = g(F) and the number Ni{F') of
places of degree one of F/F .

3.1.1. The principal divisor of u. By (4] we get for
the pole divisor of u = (z — )97 —1

(o = g+ l}zpm-

To compute the zero divisor of uin H is much harder
work., If P = Fap with a.b € Fga {where Iy denotes
the algebraic closure of Fy:) is a zero of uw then

b2 - = g (3)
and
(=31t —1=0. (6
Lt us first consider £ € Fo» such that 970 = | und con-
gider the straight line = = v+ ¢ now, since 4% by = 2971
then, the common poinls of Lhis loeus satisfies

P+ -+ -1 +1=0 (7}

Lemma 3.1.1.1. Lef us consider the fomily of polymo-
TR LA

AT} =TI — (( = V)TV 4+ {{ = 11T + 1 writh ¢ = 1.

All polynomiads an the farnily above hove all roots in F-
Moreower, they are scporable polinemaals except if

ip=dand{=—-1. InthiseaseT =1-¢ — -1
e the anly multiple roof of 0_1(T) and its mul
ticiplity is (g + 1)

i) g=2( mod 3) end a® = a — 1. For each of the
two values of a sobisfying 2 = o — 1, we have
that T' =1 — a 18 the only multiple root of @, (T)
and itz multiplicity 8 (g + 1),

Proof. It is easy to see that the polynomial §{T) satisfics
8(T)? - 8(T) = (TT - T)T - (1 - O))".

This proves that all reots of #(I") are in Fz. On the
other hend, since §'(T') = [T'— [1 — {}}9, we have that
81 £} =0if and enly if {* + { — 1 = 0 if and only if
{ satisfics the systom

= (4t =1
= {i:“-l—{:—1=ﬂ.

But 5 has one solution, namely { = =1, if ¢ = 0
mod 33; 5 has two solutions, namely the roots of the
polynomial T2 =T + 1 if g = 2( mod 3); and 5 has no
solutlon if g = 1) mod 3). O

Theorem 3.1.1.1. The following properties hofd

i) Ifg = 0{mod 3), ther u has q° +q simple zevos
o ene zero of melbiplicity g+1, all of degree
LR,

i) If g
HBETUE,

ili) If g = 2{mod 3), then w has g° — 1 simple zeros
and two zeres of mulliplicidy g1, ol of degree
DitE,

L mod 3), then w fus (g + 1)° simple
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Frogl. It follows directly from Lemma 3.1.1.1. O

3.1.2. The genus and the number of ratinnal
places of F/F. 2. In order to determinate de penus
of F{Fa we rewrite the formula (3) by using gi /) =
glg — 1)

B and we obtain

T[qz —g—2 -2+ Z: v rpideg P (&)
EF[H]

b -

giF)=

where re = pedlvp{u), r).

Theorem 3.1.2.1. The genaa gl ) of the funetion fleld
Ty sabisfies:
({rig® —q) + (r = 1){g* + ¢ - 2))/2

if g = O{mod 3),
g + 29 —11)/2

if g = Lmod 3),
(r(g® —g) + (r — L){g® ~ 3))/2

ifg = 2(mod 3).

WF)= 0 a1

Progf. Tt follows from Lemma 3.1.1.1 and formula (8).
O

Theorem 3.1.2.2. The number N F) of retional planes
of the function field F/F o satiafies:

g 1) +ig* +q)

if g = 0mod 37,

rig® —q® - 2¢) + (g + 1}*
if g = Limod 3%,

I'|:£,|'3 _ HZ} e {E‘rz ! J.:I

if'g = 2(mod 3},

’?.,:q:!- g qz

N(F) = 4

.

Froof. Tet P bhe a place of degree one of H, then P
is either totally ramified wilh exaclly ome excension of
degrae one in For P is unramilied, The Lrst case holds
for the simple zeros of . The secomd case holds for the
zeros Fowith vp(u) = g+ 1, lor Lhe pole P, and for
the places P such that ve{w) = 0. Lel us Lrst con-
sider the rcase of rational places P = F, 5 ol Lhe Her
mitian function field F with vefu) = 0. 1 wplu) =0
then u{P} = (a — KT —1 ¢ Fo- Then the polynomial
T —ul P ) has v distinel rocls io Wz Therefore thero
exist r ocxtrmsions of degree one in £, Now, consider
one of the zeros with ve  (e) = g— L We claim that
if p %= 3 then there iz no place of degres une in #' lying
over Fpp. Tnoorder o prove Lhis clalu we consider the

F. - adie expanzion of w with respect o ¢+ — x—o. Since
PiFan) =B then gy = b4+ ot + ot 4 .+ g FITT 4N
with vp(A] = g + 1. On the other hand, the equation
T = 27 oy irnplics
197 L et a® o = 0 o 4 T
+ w‘i"(.',|.+1"J f-r"._-Hf — M h i+ {Egﬂz e

S TTET L B

Therelore we have a: = o,q, 7 — n‘?u,wﬁ,,l =
land o, = 00 & = 2, ...g — 1, and this implies that
ulz,yl = lo— 0% + 0 where vp () = g4 1.
Now since Iy, 1s a maltiple zero of « then, by Lemma
4.1.1.1 we have

{o.—.luml"——l

a=Tand h=1-—+~

if ¢ = 0{imod 3)
il ¢ = 2{mod 3

with v being vne of the two roots of Lhe pulvnomial

¥ — 4+ 1. If a place of degree onc in F lies over By p

then by the equetion 2™ = (e, o) and Lhe expression
u=—{e— b)gt?t! L W, we chtain

(f—;’; ) (P} = —{n— b)".

Henee there has to exist an element 9§ e F.2 such that
G —ulBya) =

Then, the r places Iv¥ing over P are rational i and only
if g =0 {mod 3).

Frw the pole, lel § = T bean uniformizer to F.., then
Y
w{z, )= (-} —1=3 "4 1)1
and thorctore all places lying over £ are rational. O
Remark 3.1.1, I'urg = Zand r =g | 1wegel g{F) = 4
and N — 15, which s optimal since there is no other

function field over Fy with genus 4 and more than 15
places of degree one [2],

3.2, Another Example. In this section, we consider
the function feld F' = ¥oa(r y, z) over T2 with

Y+ oy =at!

"

= ulx, )
withr g+ Land wiX.¥) = ¥l m Ve X 4+ ¥ x0T

Z
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3.21. The principal divisor of u. In this case we
have that the pole divisor of u is {u)e = (g + 12 F..
In order to compute the zero divisor of w we procesd as
follows:

¥ P =P, with ab e F s (where F» denotes the
algebraic closure of F2) is & zero of « then

a1 (1,h) = myala, 1], (%)

a1 (b} — oz pla,b) = 0. (10}

By definition of o, 5, the equation (10) can be rewritten
as

ﬂ=32~2['5]52.1 [':%t} +83 4 [b}=52,2{b} [52,1(2) + -] ' Ell:'

Let us first consider ¢ € Fpe such that s0,00)+1 =10,
ie, {74 ¢ = —1 and then consider the straizht line
7 = yi. Now since y7 +y = 27! then, the commaon
points of this locus satisfies

= e, (12;

Lemma 3.2.1. The polynomdal 0.(T) — (T8 —T19—

T is separable and has s roots in Fp

Mroaf. The polynomial #:(1") saristies
8e(T)" — 6c(T) = ~(T% —T)(¢" T~ 1)°,
Now the lemma follows from
Be(T) = (¢*H'T - 1),
and since T' = {719 s not a root of (1. U

Remark 3.2.1. First observe that the equation {11)
implies that Fpy is a zero of u [s22(h) — 0 Implies
b =10 = o). On the other hand by Lemma 3.2.1 for
each { € Fg2 such that {7+ { — —1 and for each root
[# of the polynomial 8.(1"), the pair ({4, 5) satisfies the
equations {9) and (10], but T" = 0 iz zero of 8:(1") for
all ¢, therefore Fj o 1= a multiple zero of u.

Lemma 3.2.2. Let P = F,, be o zero of w; then
t =2 o a P-prime clement, and vp(u) > 1 iff

Proof. Denoting by 4y the derivation of F/F = with re-
spect to £, then from the P-adic power series excpansion
of u with respect fo ¢ we have

o
vpa(u) = 1 i d—;fl—'; =0

+y = 7! follows o =1 and

From the eqguation y*
i i) dt

dy

— = x7 then,

df
du d dy
ot rr_ -2 2Y
di + i T df

1.
implies %{F} =(ab+b+2%)" U

Lemma 3.2.3. vp (v} =2¢+ L

Froof. In order to prove that the multiplicity of P =
Fiynis 041 we compute the FP-adic power series expan-
sionl of u with respect to ¢ = . We write £ = ¢ and
y= ot +aol + ..+ .r_uq+1t‘7“"1 +Awith vpid) > g4 1
and cx; = gz, From Lhe equation y¥ +y = 297! by com-
paring coefficients we obtain y = £91 1,4 ¥y ot HE
therefore
wz,y) — 2y +ay? +y7"!

= BNt + agq 2t + @)
+ fl:tq-'.l + gt tli'+2 b C:E::lq Tl

with vpiw) = (g+1)%. L

322 The genus and the mumber of rational
places of F/F.x. Asin the section 3.1.2 we use (8) to-
gelher with lemeng 3.2.3 to compuate the genis and the
nuinber of rational places of the function field F'E.'TF',fa.

Theorem 3.2.1. The genus and the number of ploces
of denree one of the function field F/TF = are given by

2" —g—1)—(g* - 1)

el

N{F) =rlg® —¢*) +1ig* +1).

Praof. The praaf is similar to [3.1.2.7), by (3.2.3) the
anly multiple zero of w is Fog, and we have rp = 1;
for the pole Fo., rp_ = r. and therefore the formula
ta genus follows of (8). To compute the number of ra-
tional places ohserve that if P be a place of degrees one
of If, then P is either totally ramified with exactly one
extension of degree one in F oor F s untamified. The
first -oase holds for the simple zeros of . The second
case holds for the the pole Foe and for the places P such
that wp(n) = 0. Let us first consider the case of rational
places P = Fyp of the Hermitian function field A wich
vp(u) = 0. If wp(u) = 0 then w(P) = ma(a,b) € F, and
therefore, the polynomial T — w FP) has ¢ distinct roots
in F». Therefore there exist r extensions of degree one



GARZON, A.: HOMOGENIZED POLYNOMIALS AND CURVES WITH MANY POINTS 561

T . :

in £, For the pole, again let # = = be an uniformizer to
1

FPey, then

-1|:|:w1 y} = (j;.ﬂ:lu-l-l | 9.2 L4 49l L

und therefore all places lying over P are rational. [

Remark 3.2.2. For ¢ = 2 and » = 3 woe got g(F) =6
and N{F] = 17 rational places, this walue is close to
the best value know of 20 rational points, howewver this
curve wag obtained by using methods from peneral class
fiald theory and chizs method produces a mere exislence
result and not an explicit curve, see 2], For g = 3 and
r=d we get g(F) = 24 and N(#) = 82, Lthe Lesi value
know iz 91 and as before case this curve was oblained
by using methods of class field theory based on Drinfeld
maodules of rank one, see [2].
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