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1. TIntradnetion

In the second half of the last century, the main in-
terest, in finile felds K = F, focused in the study of
permutation polynomials over Lhess fields and the ap-
plication of its results to coding theory. During the same
period of time, most of the obtained resnlts were exrend-
ed mainly to the classical rings Z/p™Z and the Galoiz
rings GR(p™, &} {2ee, for example, [11], [12], [L3]), peor-
mitting thus the construction of new cryptosystems with
a variety of interesting properties. In the same gpirie,
Llois peper excends some kpown rosults about pormta-
Lion polyiomisls veer linite Oelds o one indeterminaste
Lo analopons perinilacion polynomiale over Lhe alpebras
Fo = KX/ (p( X)), where p( X) € F[X] i= irredueible,
and L[[Z]]. Since the L. algebras are not always Ca-
lois rings (the exception being the rings F, X/ (X%,
it seems to us that apparently we are stepping into a
new nice field of research, with eventual applications to
coding theory.

The present paper Is structured as follows: Tn the sec-
ond section we establish the necessary basic definitions
and results needed for a better undemstanding of what
follows, [n the thivd section, we define permnutation poly-
nomials over Ly and L[Z]], and extend to these alpebras
analognes of well known genersl results about permuta-
tion polynomials over finice ficlds, In the fourth section
we examine closely the analognes of Dickson polynormni-
als I this new settins,

2. Preliminaries

Let & be aficld with g clements and let p{X) £ KX
be s monic and irreducible polynomial of degron d. We
know that the quotient L = KX/ (p{ X)) iz a finite ficld
containing K, thus s finite extension L/K of degree d.
Moreover, L, = K| X|/[p{X)*]), » = 1, is an L—algebra
with ¢"¢ elements, which we will denote by ez, ). More
precizaly,

gyt eI, — o — i 1257 e T
ps a1ty

L — {ee(z)

where zd = 00§ > wand [or i =01, 1 — 1, tha
eletnents =), [orm an L—basis of L, (see [2]. [10]).

From now on, in order o simplify the nolalion, we
assume that L has ¢ cloments, so ehar T owill have gt
eletnents.

The tollovwing definitions and facts may be found in

[2].

IF z¢ and # are positive integers and p = v, the map-
ping wup 1 Ly — Ly defined by alz,) — alz,), is
an epimorphizm of L—alpebras, called the projection of
Lpoomba T, TF _Ilrl,[.l’.} is & polynomial in Ly [f] then,

T.r.l.,!.-' |:: .TJ«' [t}_} = -f.rl- {t-:l

is the polynomial in FL.[t] whose coefficients are the
classes modnlo (p(X)#*) of the coefficients of f.(£).

If alz.} C Lo iz o zexo of fuit), and g < 1, we say
that ax(z,) is A descendant of alz,), or that «fz,) is an
wscendaret of iz, ), if 7 u{o{z)) = alz,). Tn this case
wi cleorly have [ {alz,)) =0

A zero olzy) © L, of f, i5 sald to be non singular
(or regular] il

tfy [FI,T' [LE :2“”]
dt
Othorwrae it iz said to be stegdor. The followeing fact
in readily seon: every doseendant {aseendant) af & non
singnlar zero iz a non singnlar zero.

0.

The get of all formal power series L][Z]

el

D oONI =M I NT | 0T 07, NET,

i=0
equipped with the usual operations iz an L—algebra,
called the algebro of formel power series in one inde-
torminale over the fnite held L. As a ring, L| Z|| is
a discrece local ring with maximel ideal (Z). Actually,
L[[#]] is the prajective limit of the projoctive syslem of
F—ulgebras (L. (7, . )u<,) if we define the canonical
projeclions =, L“.Z” — Ly by

o
MZ) = Z LA £ B Azd,

=i}

whera
Mz =M | Az + }.233 + ...+ }Lﬁ.._-ll_zﬁ'l :

Let us remark in passim chat each m, iz an epimorphism
of L.—algebras. Moreover, L||Z]|/(£*)} — L. This zaid, if
f(#) is & polymomial with coefflcients in L[[Z]], its reduc-
tion fu(t) moduolo (£¥) is the polynomial in L,[t] whose
roefficients are the clagses modulo (Z°) of the cooffi-
vients of f(f]. Clearly, if » == u then «, . ( f.(t}) — fu(f).
The above shows that (L., 7, . ).x, 8 a projoctive sys-
tem whose limit is L||Z]].

Also, it 15 well known that =(£) Z £: 2% is a nnit

F=0
in L[[Z]] if, and only if, =g + 0. Moreover each A{Z) £ 0
may he written as A(Z)} = ¢(Z)ZM where =(F) is a
unit and w(A) = 0. This, A{Z) is o it if @A) =0, and
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conversely. The mappiug onte {0,1,.. } I {D-C-} defined
by A2} — w(A) i A(ZY &£ 0 and 2(0) = 20 is a dis-
crete valuation, which induces o pseudometric on L[[Z]].
In this scooing,

k
i 3 Mzt =MZ). (1)
i=U
Further,
mlA(Z)) = [20 + £12p - ok g2l ] 2
which eguals 0 if w{A) = », and equals

Ent B1 2 4 -0 5y 2D

ifu(d) < v and v = k+n(A). In partlenlar, m (A(Z)) =0
if A{Z) i8 not a unit. In turn, this implics that if the

leading coefficient of the polvnomiol f{7) < L[[Z7][f] of

degree m is not a unil, chen fi(f) has degree < m. To
avoid this neorvenicnee, from now on we suppose Lhat
the lending cocfficients of all the polyuowials f{{) arc
units.

The following two results may be found in [6, pp. 33,
53]

Lemma 2.1, Let fi¢] = L[[Z|[t]. Then the oqua-
tion f{t) = 0 has a solution in L[[Z]| if, and saly if,
the equstions f.{t) = 0 have solutions in L, for each
vl O

Lemma 2.2, Let ofZ) = g+ o Z + -+ be a
init, and m a positive integer not divisible hy p (the
characteristic of L). Then ay has an m—th root in L
if, and only if, there exist 4{Z} € L[[Z] such that
I{E ™ =afZ). O

-~

p=1

I 7(z,) = ) mzl € L, let us define
=0
p=2
Flz) = > T2k & L.

i=0 )
This notation cnables us to state the [ollowing version
of Taylor's foromila, proved in [2, Proposition 2.3]:

Lemma 2.3, Tf f(t) is & polynomial with coeflicionts
in L[Z]], then for cach v=2,3,... we have

fr(a) = FF@) + naflfe)n™ (@)
O

r—1

TF nerw woe wrdte fL{T0=0)) = E wasy, we oblain

Ty—'lzi_-lfi{:“:':zrz}:' = {7, 1}0:-}3:;"1 P

using thal 2% = 0if n = », Thus (2] becomes

ful:_l [zy},' =y J: {ﬂzy,}; + Te—1] ":'Elzu i [:3]

3. Basic results

A polynomial f{¢) over L[[Z]] is sald to be & permu-
tation polynemded if the sssoclated polynomial funetion
£ L{[2]] — Li[Z]
wl &) — Mlee(Z))
iz n bijective funceion. Similarly, » polynomial f. (5] €
FLot], for o= 1,2,3,... is said o he a permntation
polynomial i Lhe associaled polynomial fanction from
Lo into Lo Is s Bljeclive Tanoetion.

The nexr proposition is crucial in our purpose to ex-
tend Jmown results of permutation polynomials over fi-
nite felds Lo permmtation polynomials over the algebras
Lo,

Proposition 3.1. Let f(t) € L[Z]|[t]. Then f.it)
pormutes Ly, if, and ondy i, (1) permoics & and the
mero of f10t) do L ds non singalar,

Proof. Tf f,.(8) permutes L, shen f,(¢) pennutes Ly,
for all o = v, Indeed, if alzy) = op + oy + -+ +
my_128~0 € Ly, then afzn) = oo + aréw — -0 +
a,_12#~1 £ L. Since. by hypothesis, fu(t) periues
Ly, there is F(z.) © Lo such that fu(3(z0)) = of zr} It
is now clear that m, . f.(83(2.)0)) = [{3(z)) = iz,
which shows that the polynomial function induced by
fult) on L, is onto and thus a bijection, since each Ly,
is finite, Tn particular f (t) pormutes L. Now, using (3},
we oblain for o + mze € Do

falto + T122) = falmo
and putting

] F1xns

falmo) =70 + 1129
we obtaln
| falmo | miz2) =0 + (1 + mx0)
Thus, for a given ay + oy 22, the equation
falmp+ mag) =g + o122 (4}

15 solvable if, and only il, v = g snd 1 -+ Tixp — o
Since by hypothesis sach [t} iz a permutation polyoo-
mial, (4) is always solvable. In particular, if ag = 0 then
Fiims = 0 has a umque solution mg. Now, if x5 =0, Lo,
Jilm =0, and since

T1+ TiXe = (5]
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thiz viclds -, = oq. But then (§) has exactly g s::ul1:1-
tions, which is no the case since fa(t) iz a permutation
polynomial. Therefore 7 iz non singulsr,

Clonverscly, let (¢} © L]t] and suppose that f5(¢) is a
permutation polynomial whoee zero ie non singular, We
ehow next that fo(t) permutes the elements of Lz, Tor
this congider a given ey +a 23 & Ls. Since, by hypothe-
g, f1(¢) is o permutation polynomial, there is a unique
1o = L such that fi(7) — @, For this 7 consider the
oquation

falm -+ m2s) = falm) + miyoze

{f)
— 70+ {7+ Tixo)se = o+,

where fa{m) = v+ 7152, L is cleer thal io Chis siluation
nig aned ) sre comnpletely detarnined by m. From {6) we
obbadn vy = crg and

& =7 +TiXn- {7
If g = 0, then fi{m) = 0 hes o solution and fi{m) =
o # 0, beesuse of the hypothesis made on £ (#). So
71 o= [y - ) /xo, 5 uniquely determined. If o # 0
and g # 0, feom (7) we agoin obtain 1 = (a1 =)/ xn.
And, finally, it yp = 0 we see that v = . Consegquent
ly, the polyuomial funetion induced by f208) B an ooto
mapping, and so s polynomial pennoules £ We now
provesd by duclion on #. Lol

1

* 2
o) =g+ o B+ - QpaEn T e B,

be given. Bince by hypothesis f,_i(#) permutes the ele-
ments of L., the equation
Fumr(t) = 0o+ oaZu—y + o+ Gzl
has a unigue solution
TmATE b T 3fff:¥-
Then Taylor's lormols pives
Slmotmze +o o+ 7oz ez
=fulTl)) + Turxoz)

L ®

where 7._1 18 ta he determined. Tf now we pot

L@l =t nzmt o Rzt T b T,

Eormula (8) bevomes
FlT(2e) + mocai) =
70+ Tzp + o= Yomzay ®+ (oot + Torxo)al

Mow all o, 4 = ..., — 1, depend anly on the
Jg=1....,v —2 which have been determined before-
hand, so all of them are koown quantities. Conseqnently

the equation

felmo+nzy 4+ F Tz ) =

LT o T E, S e gt

has & solution if, sod ooly o, v —og fore— 1, 0 —2
snd the linesr eguation in L

Tom1X0 + Vom1 = G {Q}

has a solution. If v = 0, we must bave o) = e,
so the equation (9) s solvable. If vy # 0, then nuy =
(ttue1 — 1)/ 0, and again (B is zolvable O

Propasition 3.2. Lot f{t) € L[[Z]][t]. Then f(t)
pornmites L[[Z]] if, and only 1f, fi(t) is a peronrtation
polvoomial and ite zero fn L is nop singular,

Proofl. Buppose that f{T) is a permutation polynomi-
al. Glven oz} = ap + oz + 0wzl + ... a1zl
=1, then

alZ) =g+ Z + 0+ o 2 € L||Z)

iz such that m.(o(Z)) = alz.). Sinee fit) is a permu-
tation polynomial there exists 7(Z) & L[[Z] such that
Fir{Z)y = «[Z). Thiz implies that, for all v, the squa-
tion fL(#) = o(z.) has the solution 7(z,.), Le. the poly-
nounial funetion indueed by f.(2) i3 onco, Sinec L, is
fnite, this polynemisl function is a bijection. By Propo-
sition 3.1, f1(t) is a permutation polynomial whose zero
is non singular.

Couversely, lot () < L[[Z7][¢ and suppose that f1(2)
it o permutation polynomial whose zero is non singunlar,
and consider the cquation

fity=nlZ) =3 a2 (10)
i=0

By Proposition 3.1, each f.[2) s mow 8 permutalion
podvnorsial, so the eguations (v = 1) f.(t}) = alz,.) have
all of them unique solutions

- . -1
3= mtnis oot

deseending from the preceding ones. By Lemma 2.1, (10)
has the splution
HZ) = lm (rg+nZ+-+na2"",
g0 "

On the other hand, i flalZ)) = F(B(Z)) then
Felalz )l = Fdz0), ¢ = 1, but fu is & permuta-
tion polynominl, then afz.) = 3{z.) for all v, then,
alZ) = 3(Z) H

Proposition 3.8, [1, Prap. 44] If v = 2, then the
polpnomial f.(#) = & L[ is a pormatation polyme-
mial if, and only if k= 1.
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Proof. Let us see that if & = 1, then the number of
zeroes of f.(t) = t* iz bigger that 1, 5o it cannot he a
permutation polynomial. Clearly f{0) = 0. If we evalu-

ate fi at Az ) = 2¥71 weobtain Az, )F = zrkl:i’ Y which
i null if, and only @f, Ble —1) 2 w0, e, if B> B =1,
If this is the case, fu(f) = #° {.-H.Il wot be a permnta

tion polynomial, Conversely, AMz,0% # 0 if, and only if,
Ele — 1) = (v —=1), in, i & < 1, or eyuivalently | if
k— 1. Finally, it iz clear that S, (8} = ¢ is a permatadion
polynomial, O

Clovollary. fit) = t* ¢ L[ Z|[f] s a permatation
pobmommial if, and only 1f, £ = 1. M

Ler us consider now the polynomial
FE) =t —alZ)+ 507 e L3, (11)

o) and 3(2) are not unita, we see that 1—a{Z) #10,
and ey = 0, &y =0, s0 that f1{#) = ¢ . Using the abowve
vorollary, f1(t) i 2 permutation polynomial if, and only
ir!
F18) = 1 — ol 2)) + 302}

which is indeed a permutation polynomial. Next, it o Z)
is a unit and Fh = 0, then f18) =7 agt and ag £ 0.
If p < p™+! < g, this polynomial is a permucation poly-
nomial it, and only if, on 5 not o (p" 1" power in
L (see, c.g., [1, Proposition 2.6]1. But using Lemma 2.2
and the fact that the characteristic p of L docs not di-
vide p™—1, we see that (2 is not the (p7— 11" pawer of
an element in L[ Z]]. Thus we have proved the following

Proposition 3.4. If (Z) is not a unit, then the
prodyvaomial (11) is & permuoiation polvaomial if, aud on-
Iv if, a(Z) is not o undt and r = 0, or @{Z) is & unit
wihich s not & (p™ — 1) power (p < p™t < g) of some
element of L[[#] . U

The previous proposition gives necessary aund suf-
ficient conditions to determine when the polynomial
1 — (2}t € L[2)|[4] iz a permutation polynomisl. A
sufficient condition to decide if (L1} s a permutation
polvnomial when S(2) s a unit, s stated in the nest
corollary.

Corollary. I {*  a{Z)t ¢ L[ Z]] Is a permutation
polynomial and 3 Z) is a unil, then the polynomial (11)
is & permutation polynomial .

Froof. If t7 = £t Is & permutation polynomial then
" =gt is a permntation polynomial and by Proposi-
tion 2.4 in [1], e ckaf + Fp I8 a permucation polyvoo-
mial. Moreover it is clear chal its zero is now singular.

Therefore the pelynomial (11), by proposition 3.2, is A
permutation polynomial. |

Lemma 3. rL i':l"f e L{[Z]][f] iz & permutation poly-
nomial and T[[?]] i2 not a wnit, then f1)+ ()
iz }_mr'm.:lmﬁnn pni}‘nnmml [

[n the previous lemma the hypothesis that +{Z) is a
not unit is necessary since otherwise we can nd per-
mutation polynomials F(2) such that fi2) 4+ {2 is not
a permutation pobynomial. For example, the polymomi-
al f(f) = t* + 2 € F4[[Z]] is a permutation polynomial
but the polynominl f(3) -1 = 5 (+(Z) = 1) 14 not a
pormutation polynomial (corollary to proposivion 3.3).

If f{#)  L[Z][ = a permutation polynomial, let us
consider the polynomial:

glt) — al{Z) f(t =+ 3 Z)) +~+( &) e L[Z], (12)

where afZ) 8 a wnit snd v{Z) s oot a unit. Since
Flt) is a permutetion polynomial, fi(t) i also o por-
mutation polynomiol whose gero iz non singular, There-
fore, by Droposicion 2.4 in |1, g1(d) = cofiit + S i
a permutotion polynomisl. Now, if g(m) = 0, then
afi{m | F) = 0, ie, 7o | B is o zero of fift). I
gy () = 0, then fiion | 3) =0 bae this is a concradie-
tion since F(t} is o pernutation polynomial. Therefore
T 15 mon singular #oro of g, Then Droposition 3.2 and
leanimia 3.4 wield that g#) is a permutation polynomial.
Thus we have proved the following

Proposition 3.5. If f(t) € L||Z]i[# &5 a permnta-
tion polyeonal, ol Z) is a unit, and - x(f} is not & unit
in L[[Z]], then the polvnowmial (12) is a pumummm
polviomial -

The following proposition generalize resalts stated in
[1] and [B. pp 362, 390].

FProposition 3.6. Let L/ K be an extension of degres
e and consider the polynomial

m—1
t)= Y oy 7 € L7,
gl

where qo(Z) & L[| Z]] is a unit, Then

a) f{ﬂ is a permutation polynomisl if, and only if,
0 ks its only zero in L||Z]).
by If fit j Is a permutation polynomial then

dr’r[ J‘If 74) # A0, Further :rrum;FL’lctf&h_ﬁ} =

[}‘ﬂ-.ﬁfr{‘?.j =0, 1,.... m=1, then f(t) is a
e tation pﬂj}mu.un'af.
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el L F{ e K dhen [{8) B a permabalion poiy-
aornial i L|[Z]] if, and only if,

=1 ]
( 3ot = 1) =1
g=i

Proof. ) I ft) is a permutation polynomial and
since f{) = 0, it is clear that 0 is its unique zero in
Li|Z]]. Conversely, suppose that 00 is the only zero of
Fit) in L[[Z]]. Them f4i#) has ¢ as a factor. Moreowver,
since f{ (¥} = ap # 0 all its zeroes will be then non sin-
gulat. Suppose now that Ty 7 0 is another non singular
zero of fift) in L. The proof of the sufficiency in the
proposition 3.2 give us an arsument to concelude the e
istenice of 7(Z) 7= 0 ion L[Z] such that o (7(£)) = m
and f{T(&)) = 0, which iz a contradiction. Then by
proposition 2.5 of |1], f1(f) 13 a permutacion polynomial
and sinee its unigque zero is non singular, so f(1) is a
permutation polynomial,

b) I f{t) is a permutation polynomial then f(8) is
deain o permutalion polynoniel, which smounts L say
that, dnt{n'{i_”] 0, (1,5 =01,.._,m) beranse of itom
(4) in [7]; therefore dﬂr(u',f_ jl[Z-]} # 0. Furthermore, if
i 1
rlet(u:f; :."I:' # 0 then f104) s permubation polynomial,
and again becanse of item (4) in [7], itg #ero is non sin-
gilar, Therefore, f{t) is a permotation polyoomial, O

o) If F(t) permmtes L[[Z]] then fi(i) permutes L (and
its zero is non singular], then by itern (4) in [7] we have
the conclusion. Converselw, if '

=1
( ¥ e 1) =
7=l

then, fi(t) is a permutation polynomial [7]. Moreover,
since fi(t] = o 3 0 its unigue zero (= () is non singu-
lar, and thus f(t) € L[[Z]][f] is a permutation polyno-
mial, by proposition 3.2,

Proposition 3.7, Let g be odd and fit) = tle+12
alZW + 32 c LIZ]|]|[t], alZ) a unit and B(Z) not &
unit. Then f(t] is a permutation polynomial if, and only
if, ®(Z)? 1 is a squarc in L[[Z]].

Froof. If £t} is a permutation polynomial over L[]
then fi{#) is s permutacion polynomial in £, thus af — 1
it & sguare in L ([3, lheor. 4.1]), sod by lemma 2.2
e{Z1% — 1 is & syuare in L[[Z]]. Comversely, il a{Z)* — 1
is & square in L[Z]] then of — 1 is & square in L {lem-
ma 2.2), therefore, apain by [3, Lheor. 4.1, fi{d) = a

permutation polynomial, moreover £ (0) = (0. But
THO ’*'Tg_lf_m—n;z o

and since gy £ 0, zero 8 a non sinpular sera of fie).
Therefore, proposition 3.2 and lenmme 3.4 implics £7#) is
& permutotion polynomiol. 1

The provious proposition is a partisl analogue of
‘Wan Daqing’s theorem 4.1 in [3], The following propo-
gition includes analogues of results obtained by Wan
Daqing in [4, Section 2]. We omit the proof sincee it is
straightforward,

Proposition 3.8. If 1 < k < ¢, 4(Z} iz not a vnit
and a{Z} € L||Z], then

1. Ifk is not a power of p that satisfics g = I:I’-E-E -
4k +6)?, then f(i) = t*+a(Z)t++(2) € L][F]).
is not a pornnitation polynomial over L{[Z].

2. Lew J be an infeger such thas 1 < J <g -2 I
FE) = t* +a(Z)t+~(2) € LI 3]}, o Z) & wuit,
it & pertmulation polvaoial in D[[Z)] then ihe
eejLiebionn

Ei+i=00modg—1)), i+i5=.,
(.:) #F0(mod p), 05 j=J

has mither nn sohitions (i, ) or at least two so-
Iutinns of (1, 7). ~

The fnllnwing proposition lists permutation pnl}rnﬂ—
mials over L[[Z£]], of degree at most B, correspending to
the classical list in [4, § EID].

Proposition 3.9, Lot ofZ),  3Z), (Z).
Tl Z), ~al(Z) apd o(2) clements of L[[Z]]. If
(&, el E), i), and @ Z) sre not wnils then Lhe
Iodiowing polviomials o L[[£]] are perombation poly-
nogriads:

a) 43 + (2N — (2} + 1(2), il «(Z) ¢ L[ Z]]?
aodl g = 3%,

D) 4 1 (B2 4 a(ZN L 3L +(2), g =T,

) {21 (23 4 2EN+4(2), i H2) is
a unit, the unigue sere of fis profection in L is
t—0 and ifg — 27,

d) 28—y (2 ( ZHP s (22— a(Z) +(Z),
s w(Z) ¢ L[ Z]* and g = 5™,

) 89+ (20 + 1o (E)F + (208 £ 2+ y(2),
if g =32,
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£) & 4 {20 4+ () £ 12 4 3a(2)?
afZ} ¢ L{[Z]] and 4 =7,

) 1P b (D04 e 2 +p(2)02 + S (),
if el 2] Ia o vl and ¢ = = 2,

Ry by (20 o T8 (2087 + 30 Z) 1+ ),

an ZVE L2 and g =13,

P (1 P 2 foya B e T B 7,

qufzj ¢ L[[Z]]? and g = 5™

FProvf, LUhe projeclions over 4 ol Lhese polynormisls
are identical Lo the polynomials lizled by Dickson o
[1]. The resultant polynomials over T are permutation
prdynomials which hasve (0 as their nmigque sero. Moreover
it is easy tn see that (] s a2 non singular zero for cach
one of them, so the given polynomials are permitation
polynornials in L[|Z]]. O

1. Dickson Polyoomials

Dickson introduced o particular kind of polyuouials
over a finite field aferwards coined by I Schur se Dhek-
son polyromdénis. Dickson polynomials have interesliog
applications in coding theory, the construelion of RSA
(Reed-Solomon-Aldeman) cryptosystems, and complele
mappings of finite fields, In 1923 Schur conjeclured Ll
polynomials over £ which are permuration polynomials
modulo g for infinitely many primes p are precisely com-
positions of linear and Dickson polynomials, Michael
Fried in 1070 [5, §1] succeeded i proving this was so.
Also, Dickson polynomials have interesting and diverse
properties that make ther a valuable study Lopic.

A palynomial in L[[Z]][#] of the type

Lk/2] b . |
gk{f:ﬂ{z:ljl = Z ,3;_-( . )[__a(z}};fi&:—ﬁ;,«‘
el A
where o £) € L[[Z]], % iz a positive integer and [k/2]

denotes the integer part of &/2, is called a Dickson poly-
nomial of the second kind with parameter ol Z) and de-
gree kb, or simply a Dicksor polynomic!,

Tn this seetion we are interested in finding values for
[ Z) andfor E, telling us when a Dickson polynomial
ia o permmcation polynomial. For excarnple, if o ) =0
then ge(t, n(Z)) = 5, and corallary to proposition 3.3
tells us that g {t, 0} is o perratacion polvnamial only
when & = L. If k is cven, all exponents of ¢ are cven, and
clearly gp is not a pormutation polynomial. From now
on we suppose that a2} 75 0 and that & is odd and we
denote by gilt. aq) the projoetion of g, 0t < (Z)) in L[2).

{—~(Z), i

Proposilion 4.1, If gp(t, o 2)) & L{[Z]][t] i = Dick-
sun polviomind of the seeond kind, ther ge(t, o 2 B a
permnelation polysomiad if, sad ooy if, (kply® —11) =1
and ¢l Z) s a unit,

Peoof. We suppose that gp(d, afZ)) = a2 pernmta-
tion palynomial. Then gi(t,ng) € L[f] is a permuta-
tion polynomial whose zoto is non singnlar. TF g4 (2, g )
s a permutation polynomial and & is odd, by [7, (37],
{k.g® = 11 = L. Moreover, since

d ik fﬂ ':"'ZJ:'
it
aad og # 0, Ep | & thew the provious cquality s zero, Le,

0 Is 4 sluguler vero of ge(t, on), which s o contradiction.
Uherelore, (k,p(g* — 1)) = L.

We suppose now that (B pi(g® — 1)) = 1, then,
{k,q® — 1) = L Apain hy {3) m [7] we have that
gelt g} 15 a permutation polynomial. Sinee an £ 0
then 0 the unigue zero of gelt,aq), is regolar, since if
El—crg )3 = 0 then oig = 0 or & = 0. Bul ¢y # 0 and
sinee (b, p(g® — 1)) = 1, then pt &, and therefore k # 0.
Thus geid, o) is 8 permulation polynomial whose seso
is non singular, We conclude Doally Lhal gl o 2)) is
a permtation polvnotnial, ]

= _ili':lz—f'rn:l Lk/2] o
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